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1 Introduction 


This course will concern the interaction between: 
e hyperbolic geometry in dimensions 2 and 3; 
e the dynamics of iterated rational maps; and 


e the theory of Riemann surfaces and their deformations. 


Rigidity of 3-manifolds. A hyperbolic manifold M” is a Riemannian manifold 
with a metric of constant curvature —1. Almost all our hyperbolic manifolds will 
be complete. There is a unique simply-connected complete hyperbolic manifold 
H” of dimension n, so M = H” /T where I C Isom(H”) is a discrete, torsion-free 
group isomorphic to 7(M). 

In dimensions n > 3 and higher, closed hyperbolic manifolds are rigid. That 
is, composition of the maps 


{closed hyperbolic n-manifolds} — {topological n-manifolds} 
T; {finitely generated groups} 


is injective. This is: 


Theorem 1.1 (Mostow rigidity) Any isomorphism ı : ™m(M) > mı(N) be- 
tween the fundamental groups of closed hyperbolic manifolds of dimension 8 or 
more can be realized as t = mı( f) where f : M —> N is an isometry. 


It follows that geometric invariants such as vol(M), the hyperbolic length 
L(y), Y E m(M), etc. are (in principle) completely determined by the topologi- 
cal manifold M, or even more combinatorially, by 7(M). Prasad extended this 
result to finite volume manifolds. 

In dimension 3 remarkable results of Thurston suggest that this rigidity 
coexists with just enough flexibility that most 3-manifolds are hyperbolic. Thus 
the ‘forgetful map’ above is almost a bijection. For example one has: 


Theorem 1.2 (Thurston) If M is a closed Haken 3-manifold, then M is hy- 
perbolic iff 7(M) is infinite and does not contain Z ® Z. 


One can also compare the situation for manifolds of dimension 2. Closed, 
orientable surfaces are classified by their genus g = 0,1,2,... and they always 
admit metrics of constant curvature. For the sphere (g = 0) this metric is (es- 
sentially) unique, but for the torus there is already a moduli space (H/ SL2(Z)). 
Any surface of genus g > 2 admits a complex structure, depending on 3g — 3 
complex parameters, and each complex structure has a unique compatible hy- 
perbolic metric. 

Teichmüller space parameterizes these structures and will play a crucial role 
in the construction of rational maps and 3-manifolds with prescribed topology. 
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For 3-manifolds our goal is to understand some examples of hyperbolic man- 
ifolds, prove Mostow rigidity and related results, and give an idea of Thurston’s 
construction of hyperbolic structures on Haken manifolds. 

Dynamical systems. Any hyperbolic 3-manifold M gives rise to a conformal 
dynamical system by considering the action of 7,(M) on C thought of as the 
sphere at infinity for H3. We have Isom* (H3) = Aut(C) = PSLo(C). 

Iterated rational maps provide another source of conformal dynamics on the 
Riemann sphere. These maps exhibit both expanding and contracting features. 
For example, let ae 

f:C>C 


be a rational map of degree d > 1. Then 


[EVON = a" area) 


tends to infinity exponentially fast as n —> oo. Here |- | denotes the spherical 
metric. On the other hand, f has 2d — 2 critical points where f is highly 
contracting. 


There are surprisingly many similarities between the theories of rational 
maps and of Kleinian groups. For example the following rigidity result holds: 


Theorem 1.3 (Critically finite rigidity) Let f and g be rational maps all of 
whose critical points are preperiodic. Then with rare exceptions, any topological 
conjugacy between f and g can be deformed to a conformal conjugacy. (In the 
exceptional cases, f and g are double-covered by an endomorphism of a torus.) 


On the other hand, Thurston has also given a geometrization theorem char- 
acterizing rational maps among branched covers of the sphere. The method of 
proof parallels the more difficult geometrization result for Haken 3-manifolds. 
Understanding the case of rational maps is good preparation for the 3-dimensional 
theory, like adaptive excursions from the base camp at 17,000 feet on Mt. Ever- 
est. 

An exhaustive theory of dynamical systems is probably unachievable. One 
usually tries to understand the behavior of f”(z) for most z € C, and for most 
f € Rata. 

A rational map f is structurally stable if all sufficiently nearby maps g are 
topologically conjugate to f. Despite the many mysteries of general rational 
maps, one knows: 


Theorem 1.4 The set of structurally stable rational maps is open and dense. 


Many of the components of the structurally stable maps are encoded by 
critically finite examples, so we are approaching a classification theory in this 
setting as well. 

References. For a brief survey of the iterations on Teichmüller space for 
rational maps and Kleinian groups, see [Mc3]. For a proof of the density of 
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structural stability in Rata, see [MSS] or [Mc4]. Speculations on the role of 
structural stability in the biology of morphogenesis and other sciences can be 
found in [Tm]. 


1.1 Examples of hyperbolic manifolds 


A Kleinian group I is any discrete subgroup of Isom(H*). Its domain of disconti- 
nuity Q(T) c C is the largest open set on which T acts properly discontinuously. 
The limit set A(T) = — Q(T) can also be defined as Pæn C”! for any x € HÈ. 

We say I is elementary if it is abelian, or more general if it contains an 
abelian subgroup with finite index. Excluding these cases, A is also the closure 
of the set of repelling fixed-points of y € I, and the minimal closed T-invariant 
set with |A| > 2. 

The quotient M = H3/T is an orbifold, and a manifold if T is torsion-free. 
The Kleinian manifold 

M = (HP U Q(T))/T 


has a complete hyperbolic metric on its interior and a Riemann surface structure 
(indeed a projective structure) on its boundary. 
We now turn to some examples. 


1. Simply-connected surfaces and 3-space. The unit disk A and the up- 
per half-plane H in C are models for the hyperbolic plane with met- 
rics 2|dz|/(1 — |z|?) and |dz|/Im(z) respectively. We have Isom? (H) = 
PSLə2(R) acting by Möbius transformations. 


The geodesics are circular arcs perpendicular to the boundary, in either 
model.! 


Similarly H”"*! can be modeled on the upper half-space {(x0,..., £n) : 
xo > 0} in R"*!, with the metric |dz|/£o; or on the unit ball with the 
metric 2|dz|/(1 — |2|?). 

Planes in H are hemispheres perpendicular to the boundary. Reflections 
through circles on C prolong to isometric reflections through hyperplane 
in H, and lead to the isomorphism Isom (H3) = Aut(C) = PSL2(C) 
acting by Möbius transformations. 


2. Domains in C. By a generalization of the Riemann mapping theorem, the 
unit disk covers (analytically) any domain 2 C C with |C — Q| > 3. Thus 
any such Q is a hyperbolic surface. 


3. Examples with m(M) = Z. 


1The unit disk A can be taken as a model of either RH? or CH}; for the latter space the 
natural metric is |dz|/(1—|z|?) with constant curvature —4. The symmetric space CH”, n > 1 
contains copies of both RH? and CH", with curvatures —1 and —4 respectively. The space 
CH” can be modeled on the unit ball in C” with its Hermitian invariant metric, e.g. the 
Bergman metric. 
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(a) The punctured disk A* = H/(z > z + 1}; the covering map H —> A* 
is given by 7(z) = e?7**. A neighborhood of the puncture has finite 
volume. The limit set is A = {oo}. 

(b) The annulus A(r) = {z : r < |z| < 1}. We have A(r) = H/\7, à > 1, 
with the covering map H —> A(r) given by 


n(z) = z2Ti/ log à 


Note that m(Az) = 7(z) and 7(R*) = St, the unit circle. 7(R~) = 
S1(r) where r = exp(—27?/ log à), so A = exp(27?/ log(1/r)). 
Thus the length of the core geodesic of A(r) is 27?/log(1/r). For 
example this shows A(r) and A(s) cannot be isomorphic if r Æ s. 
A = {0,00}. 

(c) The torus X = C*/A? is isomorphic to C/(27iZ @ log AZ). 

(d) The space H3/AZ is a solid torus with core curve of length log À. 


4. Pairs of pants, genus two and handlebodies. Now consider 3 disjoint 
geodesic in A symmetric under rotation. The group I’ generated by reflec- 
tions through these geodesics gives a quotient orbifold which is a hexagon 
with alternating edges removed. The limit set is a Cantor set. 


Let [ CI” be the index two subgroup preserving orientation. This is the 
familiar subgroup 





T = (AB, AC) = Z*ZC{(A,B,C : A =B =0°=1) ST. 





Then A/T” is a pair of pants, i.e. the double of the hexagon. 


Next consider the action of I on Č — Q; the quotient X is the double of 
a pair of pants, namely a surface of genus two. A fundamental domain 
is the region outside of 4 disjoint disks. Looking at the region above the 
hemispheres these disks bound, we see M = H/T is a handlebody of 
genus two. 


Conversely, for any Riemann surface X of genus two, the realization of 
X as the boundary of a topological handlebody M determines a planar 
covering space Q —> X which can be compactified to the sphere. The 
action of Z x Z = 7(M) on Q extends to the sphere and gives a Kleinian 


group. 


5. Surfaces of genus two. It is familiar from the classification of surfaces 
that a torus can be obtained from a 4-gon by identifying opposite sides, 
a surface of genus 2 from an 8-gon, and a surface of genus g from a 4g- 
gon. The resulting cell complex has only one vertex, where 4g faces come 
together. 


A regular octagon in H with interior angles of 45° serves as a fundamental 
domain for a Fuchsian group such that H/T = X has genus two. Extending 
the action to H’ we obtain a compact Kleinian manifold M & S x [0,1]. 
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6. The triply-punctured sphere. There is only one ideal triangle T in H, and 
by doubling it we obtain hyperbolic structure on X = C — {0,1,co}. The 
covering map 7: H —> X can be constructed by taking the Riemann map- 
ping from T to H, sending the vertices to {0,1,00}, and then prolonging 
by Schwarz reflection. 


The corresponding group is arithmetic, indeed X = H/T(2). 


We have Aut(X) = S3 = SL2(Z/2), which can be seen as the permutation 
group of the cusps of X. 


The fact that X is covered by H proves the Little Picard Theorem: an 
entire f : C — C omitting 2 values is constant. Indeed, the omitted values 
can be taken to be 0 and 1; then f lifts to the universal cover, giving a 
map f : C > H which must be constant. 


7. Punctured tori. To handle a torus we need to delete a point so the Euler 
characteristic becomes negative. Then we can take as a fundamental do- 
main an ideal quadrilateral, and glue opposite sides. (It is essential to be 
careful doing the gluing! So the holonomy around a cusp is parabolic.) 


These examples can be perturbed to give Poincaré’s examples of quasi- 
fuchsian groups, by taking reflections in a necklace of 4 tangent circles. 


8. A compact hyperbolic 3-manifold. Here is an example to which Mostow 
rigidity applies: take a regular hyperbolic dodecahedron D with internal 
dihedral angles 72° = 27/5. Then identify opposite faces making a twist 
of 3/10ths of a revolution. The 30 edges of D are identified in six groups 
of 5 each, so we obtain a manifold structure around each edge. The link 
of a vertex is orientable and admits a metric of constant curvature 1, so 
it is a sphere. (In fact there is only one vertex in D/ ~, and its link is an 
S? tiled by 20 triangles in the icosahedral pattern.) 


9. The Hopf link. As a warmup to a hyperbolic link complement, let’s look 
at the Hopf link L C S°, which can be thought of as a pair of disjoint 
geodesics. Then M = S — L = St x S! x (0,1); note that we have omitted 
the boundary, so M is open. 


We claim S? — L can be obtained from an octahedron by identifying sides 
in a suitable pattern, then deleting two vertices (say the north and south 
poles). 


To see this, first write L = Ko U K1. Then T = S? — Ko is a solid torus T, 
and M = $? — L is just the complement of the core curve in T, T — Ky. 
To obtain a cell, cut T along a disk to obtain a solid cylinder C; then Kı 
becomes an interval J; joining the ends of C. Now cut along a rectangle 
joining the round part of OC to I, and open it up. The result is like a 
split log. Shrink the parts of the boundary running along Ko and Ky to 
points, which will become the north and south poles. We obtain a ball 
with 4 longitudes joining the poles. Adding a square of 4 more edges to 
form the equator, the result is an octahedron. 
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Thus the face identifications preserve the northern and southern hemi- 
spheres, and match each quadrant to its ‘opposite’ quadrant in the same 
hemisphere. 


10. The Whitehead link. The Whitehead link W C $° is a symmetric link of 
two unknots, with linking number zero, but one clasp. 


Zon 


(SU 
T4 


Figure 1. The Whitehead link; vol( S3 — W) = 3.66386... 


Its complement M = S? — W has a finite volume hyperbolic metric that 
can be obtained from a regular ideal octahedron in H? by a suitable gluing 
pattern. To see this, first note that for the unknot Ko, S? — Ko is a solid 
torus D? x St. Thus M = D? x St — K; for a certain knot Kı with 
winding number zero. 

Cutting D? x St with a disk D = D? x {t} meeting K in two points, we 
obtain a cylinder D? x [0,1] from which a pair of intervals J, U Jz must be 
removed. 


After a little deformation, we can replace D? x [0, 1] with a cube C = [0, 1], 
and the two intervals with segments joining interior points of opposite 
faces. The original knot Ko now corresponds to 8 of the 12 edges of C. 
To obtain a 3-cell, we cut C — (Iı U Ig) along rectangles R; joining J; 
to an adjacent face. Then we obtain a cell structure on 8? = D? with 
4 pentagons and 4 quadrilaterals. Each pentagon has 2 edges along Ko, 
and each quadrilateral has 1 edge along Kı. Collapsing these edges, these 
faces become triangles, and we obtain an octahedron. 


The combinatorics are shown in Figure 2. On the left, the dotted lines cor- 
respond to the two components of the link. Faces with the same letter are 
identified by orientation—reversing maps. The two A faces are identified 
by folding along the dotted edge they share; similarly for B. The adjacent 
C faces are not folded together, however; the folding is composed with a 
180° twist (and similarly for D). This twist serves to bring the dotted 
edges for A and B together, so they link up to form one component of the 
link. 


The dihedral angles of a regular octahedron are 90°, so it can be reglued 
to give a hyperbolic structure on S — W. 
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A cross-section of each vertex of the octahedron gives a square. Thus the 
toruses associated to each component of W are built from 2 square and 
4 squares respectively. However these two tori must are isomorphic (!), 
since the Whitehead link is symmetric. 











Figure 2. Building the Whitehead link complement from an octahedron. 


11. Arithmetic examples. Let Oa be the ring of algebraic integers in the 
quadratic number field K = Q(—d), d > 1. Then O4 C C is discrete, so 
SL2(Qq) is a Kleinian group. In fact Ma = H/SL2(Qq) is a finite-volume 
orbifold (Borel), with as many cusps as the class number of K. 


The Whitehead link and Borromean rings complements are commensu- 
rable H?/ SL2(Z[¿]), and the figure eight knot to SL2(Z[w]) (the Gaussian 
and Eisenstein integers respectively). Both have class number one. 


Theorem 1.5 (Thurston) A knot complement M = S°—K admits a complete 
hyperbolic structure of finite volume iff M is atoroidal: that is, iff every copy of 
Z®Z in m™(M) comes from a tubular neighborhood of the knot. 


Example. For trefoil knot T2 3, and more generally any torus knot, Tp,q, the 
complement Mp, = S? — Tp, is toroidal. In fact Mp „q is a Seifert fibered 
manifold; it admits a nontrivial St action. This action gives rise to many 
nontrivial copies of Z@ Z in ™(Mp,q). 
To see the St action, first think of S° as the unit sphere in C?. The circle 
action on $° by 
(z1, z2) = (eP 21, e? zo). 


A generic orbit is a (p,q)-torus knot, so its complement admits an S! action. 

To visualized an immersed incompressible torus in the complement of the 
trefoil knot, imagine Tz, as a cable lying on a torus © = S! x S! c S°. Try 
to wrap the torus X in paper, avoiding the cable. Passing the paper alternately 
under and over the cable, it closes up to make an immersed torus. 
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Figure 3. Tiling of the Z? x Z cover of the figure eight knot complement. 


The figure eight knot. The simplest hyperbolic knot complement is M = 
S? — K where K is the figure eight knot. The hyperbolic manifold M can be 
built from 2 regular ideal tetrahedra. 

One can describe M concretely the complement T* of the zero section of 
the torus bundle T + $1 with monodromy A = PQ = (41) = (41) (19). 
This factorization of A into elementary matrices determines a sequence of tri- 
angulations of the plane which are related by cobordisms through tetrahedra 
(see Figure 3). By inspection, six tetrahedra are adjacent to each edge of the 
resulting triangulation of the one-point compactification of M. Since the di- 
hedral angles of a regular hyperbolic tetrahedron are all 60°, M can be given 
a complete hyperbolic structure. There are just 2 edges in the quotient, with 
six tetrahedra coming together along an edge (like equilateral triangles tiling a 
hexagon). 

We note that the figure eight knot (which includes the information of the 
embedding of M into $*) can be constructed as the Murasugi sum of two Hopf 
bands, which makes clear that it is a fibered knot and that its monodromy is 
the product of two Dehn twists, P and Q. Indeed, the Hopf link complement 
itself can be regarded as the fibered link obtained by suspending a single Dehn 
twist on a annulus. Here we have arranged that the monodromy is the identity 
on the boundary of the fiber, and that the resulting framing of the boundary 
corresponds to the framing of the Hopf link by meridians and by fiber. If we 
had, instead, use the identity map on the annulus, we would have obtained the 
same 3-manifold, but now presented as the complement of a link in S$? x S1. 








Reflection groups. Quite generally, one can consider any convex polyhedron 
P in H”, R” or S” whose dihedral angles are of the form 6; = 7/n;. Then the 
group IĮ generated by reflections in the sides of P is discrete, and P forms a 
fundamental domain for I’. The proof is by induction on the dimension of P 
(see e.g. [Rat, §7]). 

3-dimensional pairs of pants. A pair of pants is associated to each triangle in 
H? with vertices outside the plane. Similary we can consider regular tetrahedra 
with vertices outside H3. For each n > 7 there is a unique such tetrahedron P, 
such that its ‘convex core’ K, is bounded by four 27/n triangles and by four 
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Figure 4. Fundamental polyhedron P7. 


right hexagons. 

The four faces of P, are simply four circles in the sphere meeting with 
dihedral angles of r/n. The example Pz is depicted in Figure 4. Note that 3 of 
the circles simply determine the (2,3, 7) triangle group acting on a copy of H, 
namely the common perpendicular circle (shown as a dotted line). Reflections 
in the sides of P, generate a discrete group I, for all n; when n is even, Pn is 
a fundamental domain for this group. 

As n — œ the limit sets for these reflection groups tend to the limit set for 
the Apollonian gasket. See Figure 5 for exaples. 

One can glue several copies of Kn, thought of as an orbifold, together along 
their triangular faces, in a pattern dictated by any 4-valent graph, just as a 
3-valent graph gives a gluing pattern for pairs of pants. In this way one obtains 
many compact, hyperbolic 3-manifolds with mı(M) mapping surjectively to a 
free group. 


1.2 Examples of rational maps 


Let f : Č > Č be a rational map. We will be interested in f as a dynamical 
system; that is, we will study the iterates 


f"(2) = (fo fo...0 f)(2). 
S — 


n times 


Orbits and periodic points. The forward orbit of z € C is the sequence 
(z, f(z), f2(z),...). The backward orbit is Vaso f~"(2)- 
A point z € C is periodic if f"(z) = z; the least such n > 0 is its period. 
The eigenvalue, derivative or multiplier of a periodic point is the complex 
number à = (f”)/(z). A periodic point is attracting, repelling, or indifferent 
if its multiplier is < 1, > 1 or = 1. A periodic point is superattracting if its 
multiplier is zero. Sometimes attracting is meant to exclude superattracting. 
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Figure 5. Limit sets from regular tetrahedra with vertices beyond infinity; the 
cases n = 7,8,12, 00. 


10 
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A cycle is a finite set cyclically permuted by f, i.e. the forward orbit of a 

periodic point. A periodic point is superattracting iff its cycle includes a critical 
point of f. 
Conjugacy. Two dynamical systems fı, f2 are conjugate if ofig! = fo. 
Conjugacies ‘preserve the dynamics’, e.g. ¢ sends periodic points to periodic 
points. The quality of ọ determines the amount of structure of f which is 
preserved (e.g. topological, measurable, quasiconformal, conformal). 

For rational maps, if ¢: C Cis conformal, then fı and fo are equivalent 
or isomorphic. Conformal conjugacy preserves multipliers. 

Normal families. A collection of analytic maps fa : U > C is normal if every 
sequence has a convergence subsequence. Here U can be an open subset of C or 
more generally a complex manifold. 


Theorem 1.6 Any bounded family of analytic functions is normal. More gen- 
erally, if F is not normal then |] fa(U) is dense in C. 


Proof. First suppose |f(z)| < M for all f € F. Using a chart we reduce to the 
case X = A. By Cauchy’s formula, we have 


Dy | KOÇ 
2ri S(z,r) (¢ _ z)? 
for any r < d(z,0A). This shows F is equicontinuous, so by the Arzela-Ascoli 
theorem F is normal. 

More generally, if F omits B(w,r), then letting M (z) = 1/(z — w) we see 
the family 


P= = 


< 








MoF={Mof: feEeF} 
is bounded by 1/r, and normality of F follows from normality of MoF. E 


The Julia set. The Fatou set Q(f) is the largest open set in Č such that the 
family of iterates (f” : n > 0) forms a normal family when restricted to Q(f). 
Its complement, J(f) = C — Q(f), is the Julia set. 


Theorem 1.7 Let J(f) be the Julia set of a rational map f. Then: 


e The Julia set is closed and totally invariant; that is, f—'(J(f)) = f(J(f)) = 
J(f). 


e If an open set U meets J(f) then (J f?” (U) = C. 


e Either J(f) =C or J(f) is nowhere dense. 


Proof. These assertions follow from the definition of normalization and Theo- 
rem 1.6. E 
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Order and chaos. Since the iterates ( f”) have limit on Q(f), orbits of nearby 
points stay close together. Thus the dynamical behavior of (f"(z)), z € Q(f), 
is predictable — it is not highly sensitive to the exact position of z. 

We will show every z € Q(f) is either attracted to a periodic cycle, or lands 
in a disk or annulus subject to an irrational rotation. 

On the other hand, the Julia set is the locus of chaotic behavior, where a 
small change z can product a vast change in its forward orbit. For example, we 
will see (Theorem 5.7) the Julia set is the same as the closure of the repelling 
periodic points for f. 

Examples of rational maps. 


1. Degree one. Any Möbius transformation f(z) is hyperbolic, parabolic, 
elliptic irrational or of finite order. 


In the hyperbolic case up to conjugacy f(z) = Az, |A| > 1, and all points 
but z = 0 are attracted to infinity. Then J(f) = {0,co} and 


O(f)/f = C*/d = C/(Z2ri @ Z log À). 
In the parabolic case, we can take f(z) = z +1 and then Q(f)/f = C*. 


This quotient can arise as a limit of degenerating tori, e.g. when f,(z) = 
Anz +1, |An| > 1 and A, > 1. 


In the irrational elliptic case, we can put f in the form f(z) = exp(27i6)z, 
0 € R—Q, and the orbits are dense subsets of the circles |z| = r. 


In the finite order case, we have f(z) = exp(27ip/q), and C/f is the (q, q) 
orbifold. 


2. f(z) = 27. Here J(f) = St. Clearly f(z) > 0 or œ when |z| 4 1, and f 
has a dense set of repelling periodic points on St. 


3. Blaschke products. For |a| < 1 let 


ra=: (S58). 


Theorem 1.8 The Julia set of f(z) is S', the action of f on S! is ergodic, 
and every point outside S1 is attracted to z = 0 or z = œ. 





Proof. Clearly f(z) has an attracting fixed-point of multiplier a at z = 0, 
and since |f(z)| < |z| in the disk we see every z € A is attracted to the 
origin under iteration. By symmetry points outside the circle are attracted 
to infinity. Thus f” cannot be normal near St, so J(f) = St. 


As for ergodicity, let Æ C S! be a set of positive measure such that 
f(E) = E, and let u : A — [0,1] be the harmonic extension of the 
indicator function yg(z). Then by invariance, u(z) = u(f(z)) and thus 


u(2) = lim u(f"(2)) = u(0) 
for all z € A. Since u is constant, E = S1. a 
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The Blaschke products are strongly reminiscent of Fuchsian groups. 


4. An interval. Let f(z) = z? — 2. We claim J(f) = [—2, 2], and every point 
outside this interval is attracted to infinity. 


Indeed, f is a quotient of F(z) = z?; setting p(z) = z +271, we have 
f(p(z)) = p(F(z)). Thus the Julia set is the image of the unit circle, and 
the rest follows. 


5. A Cantor set. Let f(z) = z7—100. Then the preimages of the critical point 
z = 0 are z = £10. The ball B(0, 20) is disjoint from the critical value 
z = —100, so its preimage f~1(B(0,20)) is a pair of disks D4 ‘centered’ 
at z = +10, each of radius about 1, since | f’(10)| = 20. The two branches 
of the inverse of f, mapping B(0, 20) into these disks, are contractions, by 
a factor of about 20. Thus J(f) is a Cantor set, and every point outside 
the Cantor set is attracted to infinity. 


In this example the fact that f : (D- U D+) — B(0, 20) is a covering map 
is an example of the following basic principle: 











Let V CC be an open set disjoint from the critical values of f, 
and let U = f-1(V). Then f :U — V is a covering map. 


Proof: f : U — V is a proper local homeomorphism. 


6. Lattés examples. Here is another example of a quotient dynamical system 
(like z? — 2). In this example, J(f) = C. 
Let X = C/(Z @ iZ) and define F : X > X by F(z) = (1+i)z. Then 
|F’| = \/2 everywhere and it is easy to see repelling periodic points of F 
are dense on X. 


Let p: X > C be (essentially) the Weierstrass -function, presenting X 
as a 2-fold cover branched over 0, +1 and co (by symmetry). Note that 
p identifies x and —z, so its critical points are the 4 points of order 2 on 
X (the fixed-points of x œ> —2). Since F'(—x) = F(z), there is a degree 2 
rational map f : C — Č such that 





S rea 


te 
été 


commutes. From this we find: 
z—-%\? 
se) = (3) . 


Since repelling points are dense for F’, they are also dense for f, and thus 
Jif) =€. 





13 


AMS Open Math Notes: Works in Progress; Reference # OMN:201701.110673; 2017-01-22 14:33:49 








Figure 6. Action of F(z) = (1 + i)z on points of order two. 








Figure 7. Orbit of Lattés example f(z) = (z — i)? /(z + i}. 


Deriving the formula. Here is how the formula for f was found. The 
critical points {c1,c2,¢3,c4} of p are the points of order 2 on X. Under 
F, these points map by 


C1, C2 +> C3 > C4 > C4. 


(See Figure 6.) 
We can arrange that the 2-fold branched covering p : X > Č has critical 
values e; = p(c;) with {e1, e2,e3, e4} = {0, 00, 1,—1}. 


Now z € Cis a critical value of f(z) = po Fop7'(z) exactly when w = p(z) 
is a critical point of p, but F~'(w) is not. Thus the critical values of f 
are {p(c1), p(c2)} = {e1,e2} = {0,00}. Therefore f(z) = M(z)? for some 
Mobius transformation M. 

Since f(0) = f(oo) = e3 = 1, we have M(0)? = M(oco)? = 1, so we can 
write M(z) = (bz — a)/(bz + a). (Of course M(z) and —M(z) give the 
same map, so M is only determined up to sign.) From f(1) = —1 and 
f(—1) = —1 we find a =i and b= 1. 


Note that F is ergodic on X, preserving the measure |dz|?. Thus f is 
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ergodic on C, with respect to the push-forward of this measure, namely 


|dz|? 
w = — 
lell = illz +1 





Thus the orbits of f concentrate near {0, 00, +1}. See Figure 7. 


Orbifold picture. The map f has a simple picture in terms of orbifolds. 
Namely, think of the Riemann sphere C as the double of a square S. The 
Euclidean metric on S makes Ĉ into a (2,2, 2,2)-orbifold X, admitting a 
symmetry t : X —> X obtained by rotating the square 180° around its 
center. The quotient X/v also has signature (2, 2, 2,2), and in the induced 
Euclidean metric it is similar to X. 


Thus we obtain a degree two covering map (of orbifolds) f : X > X, 
expanding the (singular) Euclidean metric on X by a factor of V2. Since 
f is conformal, it is also a rational map, and f is (conjugate to) the map 
we have described above. 


A mechanical version of this map is well-known in origami: you can fold 
the corners of a square towards the center to make a smaller square of 1/2 
the original area. 


These combinatorial constructions of branched covers are very simple ex- 
amples of dessins d’enfants, cf. [Sn]. 


7. f(z) = 22-1. Here 0++ —1 => 0, so an open set is (super)attracted to 
a cycle C of order two. What other kinds of behavior can result? For 
example, can there be another attracting cycle? 


In Figure 8 the points attracted to C are colored gray; the Julia set is 
black, and f”(z) > oo for z in the white region. 


We will eventually show that whenever f(z) = z? + c has an attracting 
cycle C, all orbits outside J(f) converge to C or to oo (Corollary 5.25). 








Figure 8. Dynamics of f(z) = 22 — 1. 


1.3 Classification of dynamical systems 
To put this theory in context, we first mention some general notions in dynam- 


ics. Classically dynamics emerges from the theory of differential equations. By 
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taking the flow for a given time, we obtain a diffeomorphism of a manifold, 
f: M —> M. It is also interesting to study groups of maps (e.g. Kleinian 
groups) and maps that are not invertible (e.g. rational maps with deg(f) > 1.) 

Consider the category whose objects are diffeomorphisms of manifolds, f : 
M — M. These objects can be equipped with various morphisms. For example, 
we can regard diffeomorphisms h : M —> N such that ho f = go h as the mor- 
phisms between (M, f) and (N,h). In this category, two objects are isomorphic 
if they are smoothly conjugate. 

If we allow h instead to be a homeomorphism, then we obtain the notion of 
topological conjugacy. If we allow h to simply be continuous, then the morphisms 
are semiconjugacies. 


Program of dynamics. A central and difficult problem is to classify dynamical 
systems. Progress can be made in specific families. 


Examples. 


1. The family of dynamical systems f(a) = Ax, A € R*. There are six 
topological conjugacy classes. A useful observation is that h(a) = x“ 
conjugates x œ Ax to rH A°z. 


2. The family fo(z) = e?7z, |z| = 1 in C. Here fo is topologically conjugate 
to fa iff a = +0 mod Z. One approach to the proof uses unique ergodicity 
of an irrational rotation. Any topological conjugacy h must preserve this 
measure and so h is an isometry. 





In this example there are uncountably many topological conjugacy classes. 


3. Let f : S! > S! be a ‘generic’ C* diffeomorphism. (Note: C% diffeomor- 
phisms do not form a Baire space.) Then f has rotation number p/q, and 
the periodic points of f consists of mq pairs of alternating attracting and 
periodic points (organized into m pairs of cycles). Under iteration, every 
point converges to one of the m attracting cycles. A model for f is given 
by taking an mq-fold covering of a hyperbolic Mobius transformation act- 
ing on the circle, and composing with a deck transformation. Thus f is 
determined up to conjugacy its rotation number p/q and the number of 
attracting cycles m. 


Definition. Let M be a compact manifold. A map f € Diff(M) is structurally 
stable if there is an open neighborhood U of f such that g is topologically 
conjugate to f (f ~ g) forall geU. 

By definition, the structurally stable set Q C Dif (M) is open. Since Dif (M) 
is separable, Q has at most a countable number of components. Thus there at 
most a countably number of topological forms for structurally stable dynamical 
systems. 

Program of dynamics. One of the overarching programs in dynamics can 
be described as follows. Fixing attention on a particular family of dynamical 
systems, one tries to: 


1. Show most maps are structurally stable. 
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2. Provide models for, and classify topologically, the structurally stable maps. 


3. Find continuous moduli to parameterize each component of the struc- 
turally stable regime. 


Example. This program can be successfully carried out for Diff (9S1). Namely, 
(1) the structurally stable maps are indeed dense, (2) the rotation number p/q 
and number of attracting cycles provide topological invariants, and models are 
easily constructed; and (3) the eigenvalues at the periodic points provide con- 
tinuous moduli. 


Rational maps. Our main goal is to carry through this program for rational 
maps f : C — C. We will find: 


1. Structurally stable rational maps are indeed open and dense. Holomorphic 
motions, the à-lemma and univalent mappings provide methods of proof. 


2. Topological models can be given for rational maps. Indeed, Thurston 
has characterized rational maps among critically finite branched covers of 
the sphere. The method here is iteration on Teichmüller space — a toy 
version of the same discussion that leads to the geometrization of Haken 
manifolds. 


3. Moduli for rational maps can be given in terms of the Teichmüller space 
of a quotient Riemann surface. Typically these moduli boil down to eigen- 


values at attracting cycles, much as in the case of generic diffeomorphisms 
of S1. 


Expanding maps. We now turn to another example of structural stability. A 
map f : St > S! is expanding if there is a A > 1 such that |f’ (x)| > A > 1 for 
all x € St S R/Z. Then f is a covering map, and d = deg( f) satisfies |d| > 2. 
Clearly the expanding maps are open in the space of smooth endomorphisms 
of S1. We now show that all maps of a given degree are topologically conjugate. 


Theorem 1.9 Any two expanding maps f : St —> S! of degree d are topologi- 
cally conjugate. 


Proof. Lifting to the universal cover, we obtain a map f : R > R satisfying 
f(x+1) = f(x)+d. Let g(x) = dz. It is enough to construct a homeomorphism 
h such that ho f = goh. Since f is expanding, it clearly has a fixed-point, and 
we can choose coordinates so that f(0) = 0. Then f(k) = dk for all k € Z. 

If h exists then it formally satisfies h = g7” oho f”. To solve this equation, 
we replace h on the right with the identity, and then take a limit as n => oo. 
More precisely, let 

hae) = g 0 a) = EO. 

Now if x € [k,k +1] then f(x) € [kd, kd +d] and thus d™! f(x) € [k,k+ 1] as 
well. It follows that |hn41(2) —hn(a)| < 2d~”. Thus hn(x) converges uniformly 
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to a continuous limit h(a). Moreover h is monotone increasing and satisfies 
h(a + 1) = h(x) + 1, so it descends to a map on the circle. 

To complete the proof we must show h is 1-1. Since h is monotone, if it fails 
to be injective there is a nontrivial interval J C St such that h(I) is a single 
point. But since f is expanding, there is an n > 0 such that f"(J) = St. Then 
we must also have g"(h(I)) = S1, which is impossible if I is collapsed by h. 
Therefore h is a homeomorphism. | 


An analysis of the last step in the proof shows: 
1. Even if f is not expanding, it is semiconjugate to x > dz. 


2. To get a conjugacy, it suffices that f is LEO (locally eventually onto): for 
every open interval J C S! there exist an n such that f"(I) = S1. 


3. If f is expanding, then |h(Z)| > C|Z|® where a = logd/log A. Thus the 
conjugacy and its inverse are Hölder continuous. 


Motion of periodic points. An alternative approach to the proof is to con- 
sider a family of expanding maps f;(z) connecting f(z) to g(z). Then one can 
follow the periodic points along and obtain not just a homeomorphism but an 
isotopy h,(z) of conjugacies. This idea leads to the holomorphic motions we use 
for rational maps. 


Failure of structural stability. Although structural stability is dense in 
Diff(S"), it fails to be dense in Diff (M) for higher-dimensional manifolds. The 
first result in this direct was [Sm]: 


Theorem 1.10 Structural stability is not dense in Diff(M) for M = R°/Z? the 
3-torus. 


Proof. It is known that an Anosov map on the 2-torus X = R?/Z?, such as 
f(x) = Ax with A = (?}), is structurally stable. Extend f to a map of the 
3-torus M = X x R/Z so that f fixes Xo = X x {0} and is highly contracting 
normal to Xo. This can be done so that the stable manifolds W*(p), p € Xo, 
give a codimension-1 foliation of M. 

Next, arrange that f has a hyperbolic fixed-point q = (0,0,1/2) that is 
locally contracting on X 1/2 and expanding along (0,0) x S 1. Finally arrange 
that the unstable manifold W“(q) has an isolated tangency to W*(p), some 
pE Xo. 

The entire picture persists for all g in some neighborhood U of f. Let us 
say g is ‘rational’ if W“(q) is tangent to W*(p) for some periodic point p on 
Xo. This property is a topological invariant. The set of leaves through periodic 
points is countable and dense, so the set of rational g is also dense. Similarly, 
the set of irrational g is dense. Thus structural stability fails throughout U. E 
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Shifts. The classical Smale horseshoe, with a dense set of saddle points and a 
basic set isomorphic to the two-side shift, cannot occur in conformal dynamics, 
even topologically. Indeed the moduli of the two quadrilaterals involved cannot 
agree. See §2.4. 

On the other hand the one-sided shifts (£n, o) arise frequently, for example 
inside z? + c with |c| large. 
Notes. See [AS] and [Wil] for more on the failure of structural stability to 
be dense. For ideas connecting structural stability and bifurcations to physical 
sciences and biology, see [Tm]. 


2 Geometric function theory 


This section provides background in geometric methods of complex analysis. 
Basic references for Teichmüller theory include [Ah2], [Le]. 


2.1 The hyperbolic metric 


Theorem 2.1 (Schwarz lemma) Let f : (A,0) —> (A,0) be holomorphic. 
Then |f'(0)| < 1, and equality holds iff f(z) = ez. 


Proof. Apply the maximum principle to f(z)/z. | 


Corollary 2.2 Aut(H) = Isom*(H), the isometry group of the hyperbolic met- 
ric pu = |dz|/y, z = z + iy. 


Proof. By the Schwarz lemma, an automorphism fixing the origin in A is 
the restriction of a Möbius transformations. Since the Möbius transformations 
act transitively on A, we see Aut(A) is the subgroup PSU(1,1) of Aut(C) 
preserving the disk. 

Similarly, Aut(H]) = PSL2(R). To see that Aut(H) preserves py, just check 
invariance under (i) z > z + t, t € R; (ii) z az, a > 0; and (iii) z > 1/z; and 
observe these maps generate PSLə(R). 

Alternatively, note that 

2\dz| 
1- |z|?’ 





so the hyperbolic metric is invariant under the stabilizer S! of the origin in 
Aut(A); it is also invariant under translation along a geodesic through z = 0, 
since on H it is invariant z + az; and these two subgroups generate (PSL2(R) = 
KAK). 


19 


AMS Open Math Notes: Works in Progress; Reference # OMN:201701.110673; 2017-01-22 14:33:49 


Corollary 2.3 Any Riemann surface covered by the disk comes equipped with 
a canonical metric of constant curvature —1. 


Corollary 2.4 (Schwarz lemma for Riemann surfaces) Let f: X > Y 
be a holomorphic map between hyperbolic Riemann surfaces. Then either: 


e f is a locally isometric covering map, or 


o ||df|| < 1 everywhere, and thus d(f (a, fy) < d(x,y) for any pair of distinct 
points x,y E€ X. 


Theorem 2.5 The triply-punctured sphere C- {0,1,00} is covered by the disk. 


Proof. Let T C H be the ideal triangle spanning 0, 1 and œ, and let f : T => H 
be the Riemann mapping normalized to fix 0, 1 and œo. Using Schwarz reflection 
through the sides of T in the domain and through the real axis in the range, 
we can analytically continue f to a covering map a : H — C — {0,1,00}. Thus 
C — {0, 1,00} is isomorphic to H/I'(2) (the orientation-preserving subgroup of 
the group of reflections in the sides of T). a 


Corollary 2.6 (Montel’s theorem) Any family of holomorphic functions omit- 
ting 3 fixed values in C is normal. 


Proof. Reduce to the case where F consists of all maps f : A > C — {0,1}. 
Given a sequence fn E€ F, pass to a subsequence such that fn(0) converges to 
ze. Ifz= 0,1 or oo then fn» converges to a constant map by the Schwarz 
lemma and completeness of the hyperbolic metric on C — {0,1}. Otherwise we 
can lift fn to the universal cover of C—{0, 1}, obtaining a sequence gn : (A,0) > 
(A, zn), where zn > Z, a lift of z. Then gn has a convergent subsequence, so 
fin =T © Gn does too. E 


Which Riemann surfaces are _ hyperbolic? It is known that the simply- 
connected Riemann surfaces are C, C, H, and the first two only cover C*, C/A 
and themselves. All remaining surfaces are hyperbolic. 

We will proof a special case: 


Theorem 2.7 (Uniformization of planar domains) Any region X C C whose 
complement contains 2 or more points is covered by the disk. 


This includes the well-known: 


Theorem 2.8 (Riemann mapping theorem) Any disk U C C, U # C is 
conformally equivalent to the disk. 
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Proof of Theorem 2.7. We can arrange by an affine transformation that 
X c C— {0,1}. Pick a basepoint x € X, let (X,Z) be the universal cover of X, 
and consider the family of maps 


F ={f :(X,#) > (A,0) : f is a covering map to its image}. 


To see F is nonempty, lift the inclusion X C C — {0,1} to a map between the 
universal covers, f : par A; the image is the covering space of X corresponding 
to the kernel of 71(X) > mı (C — {0, 1}), and f is a covering map to this image. 

Now take a sequence fn E€ F such that |f/(Z)| tends to its supremum over 
F. Since A is bounded, fn is a normal family, and we can take a subsequence 
fn > f. Tt is not hard to check that f € F. 

We claim f : X — A is surjective. Indeed, if the image omits a value z, 
then we can choose a proper degree two map B : (A,0) > (A,0) branched over 
z. By the Schwarz lemma, |B’(0)| < 1; on the other hand, since z ¢ f(X), 
the map B7! o f admits a single-valued branched g : (X,Z) > (A,0), we have 
g € F, and |g’(0)| > |f’(0)|, contrary to the construction of f. 

Thus f is surjective; but since it is a covering map, it is an isomorphism. Hi 


Remark. ‘To prevent cyclic reasoning, one should first prove the Riemann 
mapping theorem for simply-connected domains, then use it to uniformize C — 


{0, 1,00}, and finally extend the uniformization theorem to all planar domains 
as above. 


2.2 Extremal length 


Let X be a Riemann surface. A Borel metric p on X is locally of the form 
p(z)|dz| where p > 0 is a Borel measurable function. If y is a rectifiable path 
on X, then its p-length is defined by 


toa) = f ole) |e 
y 
Similarly the p-area of X is given by 
= 217,)2 
area,(X) = | p(z)* |dz|*. 
x 
Now let T be a collection of paths on X. Setting 
t (T) = inf (7), 
we define the extremal length of I by 


AL) = puy as (2.1) 


The supremum is take over all Borel metrics of finite area. Clearly A(T) is a 
conformal invariant of the pair (X,T). 
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Beurling’s criterion for an extremal metric. (See [Ah2, §4.7].) A metric 
is extremal if it realizes the supremum in (2.1). 


Theorem 2.9 Suppose the measure p? on X lies in the closed convex hull of 
the measures 


{oly : y €T and f(y) = 6p(0)}. 


Then p is extremal for T. 


Proof. Consider any other Borel metric a. We may assume both a and p are 
normalized to give X area 1. 
Now for any y € T we have 


ta(t) < f a= f (o/e = (a/o.0hn) 


where the last expression is the pairing between functions and measures. Since 
the probability measure p? is a convex combination of the probability measures 
(ply) /e,(L), we have 


a < (a/p, p°) = f a< (Jefe) Aa 


by Cauchy-Schwarz. Thus a(r) < (T), and therefore p maximizes the ratio 
(2.1) of length-squared to area. E 





Examples. 


1. A quadrilateral Q C C is a Jordan domain with 4 marked points on its 
boundary, and a distinguished pair of opposite edges. We let Q* denote 
the same quadrilateral with the other pair of edges distinguished. 


Any quadrilateral is conformally equivalent to a unique Euclidean quadri- 
lateral Q(a) = [0,a] x [0,1], with the sides of unit length distinguished. 
By definition, the modulus of Q is a. 

Notice that mod(Q*) = 1/ mod(Q). 

Let T (Q) be the set of all paths joining the distinguished sides. Since the 
Euclidean metric on Q(a) satisfies Beurling’s criterion (the geodesics are 
horizontal segments), we find 


A(T(Q)) = mod(Q). 


By considering any specific metric p on Q, we obtain lower bounds on 
mod(Q) by considering A(T (Q)) and A(['(Q*)). Thus one has a powerful 
method for estimating the modulus of a quadrilateral. 


Example: let Qo = [0,1] x [0,1] with the vertical sides distinguished; we 
have mod(Qo) = 1. Now construct Q by adding a ‘roof’ to the house, i.e. 
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adding a right isosceles triangle of hypotenuse 1 to the top of the square. 
Then p = |dz| on Q gives mod(Q) > 2/3 (the area has increased to 3/2), 
while p = |dz| restricted to Qo gives mod(Q*) > 1. Thus 


2/3 < mod(Q) < 1; 


in particular, adding the roof brings the walls closer together. 


2. An annulus. Any Riemann surface with 71(X) = Z is isomorphic to C*, 
A* or 
A(R) ={z:1<|z|< R} 
for a unique R. In the last case we define mod(X) = log(R)/(27); and by 
convention, mod(X ) = œ in the first two cases. 


Fixing R, let T be the family of ‘topological radii’, that is curves joining 
the two boundary components of A(R). These curves are geodesics for the 
cylindrical metric p = |dz|/|z|, which is extremal by Beurling’s criterion. 


Thus 
AT) = seat) = mod(A(R)). 





Letting ['* denote the family of simple essential loops in A(R), we find 
A(T*) = 1/A(P) = 1/ mod(A(R)). 

Thus any metric p on an annular Riemann surface X yields upper and 
lower bounds for mod(X), in terms of the p-area of X and the shortest 
curves in T and [*. 


3. The real projective plane. Let X = RP?. Then X is canonically a Riemann 
surface, in the sense that its universal cover S? has a unique conformal 
structure, and this structure is preserved (up to orientation) by the deck 
transformations of $7/X. 


Let I be the family of all loops generating mı(X) S Z/2. We claim 
AT) = 7/2. 

To see this, let p be the round metric on X, making its universal cover S? 
into the sphere of radius 1. If we average linear measure on a great circle 
over the rotation group of S$”, we obtain an invariant measure which must 
be the usual area form. Thus p satisfies Beurling’s criterion. The minimal 
length of a curve joining antipodal points on 9° is 7, and the area of RP? 
is 27, so A(T) = n? /(2r) = 7/2. 


4. Simple curves on a torus. Consider the torus X = C/Z Zr, Imr > 0. 
Let I be the family of loops on X in the homotopy class of [0,1]. By 
Beurling’s criterion, the flat metric |dz| on X is extremal. The area of X 
is Im7 and the length of the geodesic [0,1] is 1, so we find 
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Remark. For completeness we recall a direct proof that the quadrilaterals Q(a) 
and Q(b) are conformally isomorphic iff a = b. Namely, given a conformal map 
f: Q(a) > Q(b), one can develop f by Schwarz reflection through the sides of 
Q(a) and Q(b) to obtain an automorphism F : C — C, which must be of the 
form F(z) = az + 8. Since f fixes [0,1]¢, F is the identity. 

A similar argument shows the annuli A(R) and A(S) are conformally iso- 
morphic iff R= S. 


2.3 Extremal length and quasiconformal mappings 


Theorem 2.10 [fT andI” are related by a K-quasiconformal mapping, then 
1 
ZW) SA) < KAT’). 


Proof. Let f: X — X’ be a quasiconformal mapping sending I to I’. For 
each conformal metric p on the domain, we get a metric p = fa(p) on X’ 
with the same lengths and areas as p; in particular, area, (X’) = area,(X) and 
lo (T) = 4). 

However p’ is generally not conformal. To make it conformal while we expand 
its infinitesimal unit balls (which are ellipses of oblateness at most K) to round 
balls. This does not decrease the p’-length of I”, and it increases the p’-area of 
X by at most K. Thus A(T”) > A(T)/K, and the Theorem follows by symmetry. 

E 


Cf. [LV, §IV.3.3]. 


Corollary 2.11 If f: X > Y is a K-quasiconformal map, then mod f(Q) < 
KmodQ for every quadrilateral Q on X. 


In fact the converse is true: a map which distorts the modulus of every 
quadrilateral by at most K is K-quasiconformal. The converse is clear for 
linear maps, so it follows easily for smooth quasiconformal maps. The general 
case depends on the a.e. differentiability of quasiconformal maps. Using this 
fact, we have: 


Theorem 2.12 Any homeomorphism f which is a uniform limit of K-quasiconformal 
mappings is itself k-quasiconformal. 


2.4 Aside: the Smale horseshoe 


To study celestial mechanics, Poincaré investigated the Hamiltonian flow on 
phase space corresponding to time evolution of the planets. Since the orbit of a 
particular planet is approximately periodic, it is natural to take a transversal M 
to the flow (e.g. the configurations of the sun-earth-moon system as the earth 
passes through a window transverse to its orbit), and study the first return map 
f:M>M. 
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The map f is volume-preserving. Indeed, the symplectic volume form Q = 
w” on phase space is preserved by the Hamiltonian vector field v, as is v, and 
thus the 2n — 1 form 

a = i,(Q) 


is also preserved by the flow. Since a vanishes any hypersurface tangent to the 
flow, the volume form a|M is f-invariant. 

The existence of very complicated behavior in these dynamical systems was 
known to Poincaré and Birkhoff. 

Smale provided a simple picture, the horseshoe, that sums up in an immedi- 
ate and geometric form a mechanism leading to infinitely many periodic cycles. 
Namely a square S is stretched to a long, thin rectangle, then laced through 
itself as in Figure 9. The thick edges of S map to the thick edges of f(S). 








Figure 9. The Smale horseshoe. 


Within the two rectangles forming f(S) N S, one finds a totally invariant 
Cantor set Æ. The dynamics of f|E is conjugate to the action of Z on the shift 
space (Z/2)” of all functions ¢: Z > Z/2. 

Note that f can be realized as an area-preserving map. But by basic prop- 
erties of extremal length, the modulus of f (S) (the extremal length of the paths 
joining the thick sides) is greater than the modulus of S. Thus f cannot be 
made conformal, and the horseshoe does not occur in conformal dynamics! 

On the other hand, by flattening the horseshoe we obtain a 2-to-1 map 
of an interval over itself, the critical point being the ‘bend’ in the horseshoe. 
As the horseshoe is created (in a family of diffeomorphisms), the bend pushes 
through the square, much as the critical point pushes through the interval. 
Thus understanding the dynamics of fe(x) = x? + c is a natural prerequisite 
to understanding the bifurcations leading to a horseshoe, and one is back to 
complex dynamics again. 


2.5 The Ahlfors-Weill extension 


In this section we discuss the extension of conformal maps f : H — Č to 
quasiconformal maps on the whole Riemann sphere. This extension is useful for 
Teichmüller theory and holomorphic motions, as well as the theory of structural 
stability for rational maps and Kleinian groups. 
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Norms. The natural L?-norm on holomorphic quadratic differentials on a 
hyperbolic Riemann surface X is given by 


1/p 
loll = (f. P-a) , lol = sup 4, 


where p = p(z) |dz| denotes the hyperbolic metric. Note that the L! norm does 
not involve p at all. Similarly for Beltrami differentials we have 


2 1/p 
lale = ( / Pl) z ie =el 
x X 


A Beltrami differential u on X is harmonic if u = ¢/p? for some holomorphic 
quadratic differential ¢. This means that u formally minimizes the L? norm 
among equivalent differentials u + Ov. Note that ||ullo = ||@]lo0- 


Theorem 2.13 Let f : H — Ĉ be a holomorphic map, and suppose ||S fllo < 
1/2. Then there exists a unique extension of f to a quasiconformal map on the 
whole Riemann sphere such that the dilatation u of f on the lower halfplane is 
a harmonic Beltrami differential. In fact we have u(z) = —2y?¢(Z). 


Proof. Here is a quick construction of the map g on the lower halfplane ex- 
tending f. Given w € H, let 14,,(z) be the unique Möbius transformation whose 
2-jet at z = w matches the 2-jet of f(z) at z = w. Then set g(z) = Mz(z). 

To verify that g has the required properties, it is useful to know how to 
reconstruct f from its Schwarzian derivative ¢ = (f”/f’)’ — (1/2)(f"/f’)?. To 
do this, one can begin with two linearly independent solutions fı, fo to the 
differential equation 

y” + (1/2)dy = 0. 
After scaling one can assume the Wronskian fi f5 — fafi = 1. From these 
solutions we obtain a map z +> (f1(z), fo(z)) from H into C?. Projectivizing, 
we obtain a map f : H > © given by f = f2/ fı. 

Because of our normalization of the Wronskian, this map satisfies 


f = fiha- hff =f, 
Js = —2fi/ ff, and 
(F/F) = (log FY = —2fi/ fi 


From this we find 


Sf = -Affi — (AYA -A/F = -2f =o 


The choice of basis for the space of solutions of the different equation accounts 
for the fact that Sf only determines f up to a fractional linear transformation. 
Once we have f = fı/f2 it is easy to see that 


ROEG 
Meet = FAA a 
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To check this one simply examines the power series in € for the expression above, 
up to the term e?, and compares the terms to (f, f’, f”) computed above. 
Thus the extension of f is given by 
g(z) a fo(Z) T efa(Z) 
fi(Z) + efie) 
with e = z — Z = 2iy, if z = x+ iy. To compute the Beltrami differential 3g/ðg, 


we first observe that both terms with involve the square of the denominator of 
the expression above. As for the numerator, for Og it is simply 


(fi + efi) fe — (fa + efa) fi = fifo — fafi =1. 


For Og we first note that: 


afi + eff) = fit eff — fi = —(1/2)eofi. 


Thus its numerator is given by 


(-1/2)eb((fi + efi) fa — (fa + efa) f1) = (1/2)€*. 


So altogether the Beltrami differential of g is given by 
H(z) = —2y°9(Z). 


Since ¢(Z) is a holomorphic quadratic differential, we have shown that p is a 
harmonic Beltrami differential. 

Finally we verify uniqueness. Suppose we have another extension G to the 
lower halfplane with (G) = —2p~?% harmonic. Then G arises as the Ahlfors- 
Weill extension of a univalent map F : H > C with SF = w. By uniqueness 
of the solution to the Beltrami equation (up to a Möbius transformation), we 
have F = f and thus Y = ¢, which implies g = G. | 





Corollary 2.14 A conformal immersion f : H — C is univalent if |S f| < 1/2. 


Area theorem. Let f(z) = z+ °° bnz~” be a univalent map on C-A= 
{z : |z| > 1}. Then f sends the outside of the unit disk to the outside of a full, 
compact set Kf C C of capacity one. One can compute the area of Ky directly 
from the coefficients of f: namely we have 


area(K¢) = m(1 — X` nlbp|?). 


In particular we have: 


Proposition 2.15 (Area theorem) If f(z) = z+) > bnz~” is univalent, then 
njon]? <1. 


Using the area theorem one can prove: 
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Corollary 2.16 (Nehari) If f : H —> Č is univalent, then |S fll < 3/2. 


Geometry of the Schwarzian derivative. The Schwarzian derivative can 
also be interpreted as the rate of change of the osculating Mobius transformation 
M,, and as the curvature of a surface in H? naturally associated to f : H > C. 
See [Th], [Ep1], [Ep2]. 

Let m : H? > H be the ‘nearest point’ projection, obtained by following the 
normals to the hyperplane spanned by R. Then the Ahlfors-Weill map can be 
further prolonged to a map 

FPF: oH 
by F(p) = Mz(p) (p). This map is a diffeomorphism and a quasi-isometry when 
ISF < 1/2. j 

On the other hand, it is easy to see that if Q C C is a K-quasicircle with 
K near 1, then ||Sf|| < 1/2 for the Riemann map to one side of Q. Thus 
any ‘mild’ quasicircle can be realized as Q = F (R) for a canonical map of the 
closed hyperbolic ball to itself (unique up to pre-composition with an isometry 
stabilizing R and preserving its orientation). 


3 Teichmüller theory via geometery 


In this section we discuss Teichmüller space from the perspective of hyperbolic 
geometry. 


3.1 Teichmüller space 


Let S be a closed, oriented surface of genus g > 2. A marked hyperbolic surface 
is a pair (¢, X) consisting of an oriented compact hyperbolic surface X S H/T 
and an orientation-preserving homeomorphism ¢: S > X. 

Two marked surfaces (¢;, X;), i = 1,2 are equivalent if there exists an isom- 
etry a: Xı > X2 such that ba" o ao ¢; = ¥ is isotopic to the identity. 

The space of such equivalence classes is the Teichmüller space Tg = Teich(S). 

For any essential closed loop a C S, there is a unique closed geodesic @ C X 
freely isotopic to (a). We denote its hyperbolic length by L.(X). We give 
Teichmüller space the weakest topology which makes all such length functions 
continuous. 


Representations. Since each surface in Teichmüller space is equipped with a 
complete hyperbolic metric, from ¢: S —> X = H/T we obtain a homomorphism 


p:m™m(S) >T c Isom (H) = PSL2(R), 
well-defined up to conjugacy. Thus Teichmüller space admits an embedding 
Teich(S) > Hom(m1(5'), PSL2(R))/ (conjugation). 
Since traces recover lengths, the topology induced by this embedding is the 


same as that defined above. 
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Mapping-class group. We let Mod(S) denote the group of orientation- 
preserving homeomorphisms Y : S — S, modulo those isotopic (equivalently, 
homotopic) to the identity. It acts on Teich(S) by Y- ($, X) = (60W1,X). 
The quotient space is the moduli space 


M, = M(S) = Teich(S)/ Mod(S). 


3.2 Fenchel-Nielsen coordinates 


Theorem 3.1 The Teichmüller space Teich(S) is homeomorphic to a ball B”, 
and n = dimg Q(X) for any X € Teich(S). 


Proof. (Fenchel-Nielsen) Suppose S' is a closed surface of genus g > 2. Then 
S can be decomposed along 3g — 3 simple closed curves into pairs of pants. For 
any X € Teich(S), these curves are canonically represented by geodesics, whose 
lengths determine each pair of pants up to isometry. To recover X in addition we 
need a twist parameter when gluing pants together. Thus altogether Teich(S) 
is parameterized by R9? x R°9-8, and 6g — 6 = dim Q(X). 

The case of surfaces with boundary or of smaller genus is similar. a 











Figure 10. Tiling by (2, 3,7) triangles 


Construction of pants and triangles. Note that the construction of a pair 
of pants with cuffs of length 2L;, i = 1,2,3 is tantamount to the construction 
of three disjoint geodesics in H? with d(yi, yi+1) = Li+2. Now an (oriented) 
geodesic, in the Minkowski model R?', corresponds to a vector with v? = 1, 
and the oriented distance between two them satisfies — cosh d(71, Y2) = (v1, v2). 
Thus our pair of pants corresponds to a basis for R1 with the quadratic form 


1 —coshL3; — cosh Lə 
B = | — cosh Ls 1 — cosh Lı 
— cosh Lə — cosh Lı 1 


It is readily verified that B has signature (2, 1), for all choices of (L4); this shows 
such a configuration exists and is unique up to isometry. 
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Similarly, to construct an (a, 3,7) triangle, one can use the form 


1 —cosy —cosB 
B= | — cosy 1 — cos q 
—cosĝ — cosa 1 


Note that 
det B = 1 — 2 cos a cos 8 cos y + cos? a + cos? 8 + cos? y = 0 


if S=a+8+y =r. If S <r then B has signature (2,1), while if S >r then 
it has signature (3,0). (Consider the extreme cases where all angles are 0 or all 
are 7/2. Note that when all angles go to m the determinant goes to 0, since the 
vertices become colinear on the sphere.) 

As another example, suppose we wish to construct (2, p,q) triangle in H? S 
A. We can arrange that the x and y axes form two of the sides, i.e vy = e1 
and v2 = e2 in R1. Then the third side is a circle centered at (x/z,y/z) in C, 
where v3 = (x,y,z) satisfies v} = £z? + y? — z2? = 1 and (v3, e1) = £ = cos T /p, 
(v3,e2) = y = cos7/q. This allows one to easily locate the center; moreover, 
the radius satisfies 1/r? = z2? = z? +y? — 1. 

The case of a (2,3,7) triangle is shown in Figure 10. 
Trivalent graphs. We remark that up to homeomorphism, there are only 
finitely many decomposition of a surface of genus g into pairs of pants, and 
these decompositions correspond to trivalent graphs with g loops (first Betti 
number g). 


Figure 11. The trivalent graphs of genus 2 and 3. 


Limits of pants. Interesting geometric limits can arise as the lengths (L1, L2, L3) 
of the cuffs of a pair of pants P tend to infinity. There are 3 basic cases: 
(0,0,00): P splits into a pair of punctured monogons. (00,00,00): P collapses 
(after rescaling) to a trivalent graph, or (before rescaling) to a pair of ideal 
triangles. (0,œ0,00): P collapses to a punctured bigon, which has a nontrivial 
modulus (it is bounded by a pair of geodesics from 1 to r € St in A*). 


Symplectic structure. Fixing a pair of pants decomposition P of X4, we ob- 
tain twist and length coordinates (¢;,7;) for Tg. (Note that the twist parameter 
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is measured in units of length, not angle.) In these coordinates, a Dehn twist 
around the ith element of P acts by Ti > Ti + 4i. An important result is that 
the symplectic form 


w= S 0 dh Adri 


is invariant under the full mapping-class group. It coincides with the sym- 
plectic form on twisted cohomology coming from the intersection pairing on 
H'(%,slo(R),). 

Case of genus one. In the case of a torus, normalize to have total area 1, we 
have just 2 coordinates £ and 7, giving the lattice Z(¢,0) @ Z(7,1/¢). In terms 
of T = xz + iy € H, this lattice has coordinates (x, y) = (7/€,1/¢7). We then find 
that dédr is a constant multiple of the hyperbolic area form dady/y?. 
Characteristic classes. It is known that the Weil-Petersson symplectic form 
has the property that [w/7?] generates H?(M,,Q). Consequently the Weil- 
Petersson volume of moduli space is a rational multiple of n6976 [Woll]. It 
can also be shown that [w/2m?] = «1 as a class in H?(M,,Q), where kı = 
™(ci1(V)?) is the pushfoward of the square of first Chern class of the relative 
tangent bundle to the universal curve m:C, + Mg; see [W012]. 


3.3 Geodesic currents 


Reference: [Bon]. 

The circle at infinity. Fix g > 2 and let X,Y € J, be a pair of marked 
hyperbolic surfaces. Then there is a unique homotopy class of homeomorphism 
f :X — Y compatible with markings. 


Theorem 3.2 The lift f: H — H of f to the universal covers of X and Y ez- 
tends to a homeomorphism of S1. This extension depends only on the homotopy 


class of f. 


Thus the circles at infinity for all points in 7, are canonically identified. This 
circle, together with an action of mı (Zg) on it, can be constructed topologically 
by taking the metric completion of a conformal rescaling of the word metric on 
Ty (Za ) ei 

For concreteness, we fix a particular X = H/T in 7,, but observe that the 
topological dynamics of (T, S1) is independent of X. 


Theorem 3.3 T has dense orbits on S! x S+. 


Proof. By ergodicity, there exists a dense geodesic y in T} X. Thus there 
exists a geodesic ¥ in H, with endpoints (a,b), whose T-orbit is dense in T; (H). 
Consequently T - (a,b) is dense in S! x S?. a 
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On the other hand, ‘periodic orbits’ are also dense: 


Theorem 3.4 The closed geodesics on X correspond to a dense subset of S1! x 
ae 


The space of currents. Let G = (S! x St — A)/(Z/2) denote the Möbius 
band forming the space of unoriented geodesics in H. Then G/T is the space 
of geodesics on X. (Since I has a dense orbit in G, this is a ‘quantum space’ 
in the sense of Connes; nevertheless it carries many interesting closed sets and 
measures. ) 

A geodesic current is a locally finite, T-invariant measure u on G. We require 
that u #0. The space of all geodesic currents on X will be denoted C(X). 


Examples of currents. (i) An unoriented closed geodesic y C X gives a point 
py E€ G such that I’- p is discrete. Thus we can form an invariant measure by 
putting a ô mass on each point in its orbit. This is the current [7] associated to 
a closed loop. 

(ii) A positive weighted sum of closed curves X` Ciy; determines a current 
X Cibi]. 

For simplicity we suppressed the brackets in the future. 
Integral geometry. The integral geometric measure on G is defined as follows. 
Fix an oriented geodesic y C H. Then there is an injective map y x S' > G 
sending (x, 0) to the unique unoriented geodesic ô(x, 0) through x making angle 
0 with y. (Since the geodesics are unoriented, 0 ranges in [0,7].) The measure 


u = (1/2) sin 0d0 dx 


can be shown to be independent of the choice of chart. It is characterized by 
the following property. 


Theorem 3.5 For any geodesic segment S C H, the measure of the set of 
geodesics y E G meeting S is equal to 4(S). 


Proof. We have fo (1/2)sin0 d0 =1. a 


Clearly u is invariant under all isometries of H, so it defines an element 
Lx €C(X). This Liouville current depends very much on X; in fact, as we will 
see below, the natural identification C(X) =C(Y) sends Lx to Ly iff X =Y in 
Tg- 

Constructing Tı(X). Now let A C G x S! be the set of pairs (y, p) where p 
is an endpoint of y. Then we have a natural isomorphism 


(Gx S1— A) 27n. 


Indeed, the orthogonal projection of p to y determines a point x € H, and there 
is a unique unit vector v € T,,(H) tangent to y, oriented so that p lies to the 
right. The foliation of T,(H) by geodesics is obtained simply by varying the S1 
factor p in this product. Taking the quotient by I’, we find: 
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Theorem 3.6 The topological space T;(X) and its foliation by geodesics can be 
reconstructed from the action of T on S?. 


In particular, this foliated 3-manifold does not depend on the choice of X € 
Tg. 


Theorem 3.7 The space of currents C(X) is isomorphic to the space of invari- 
ant measures for the geodesic flow on Tı(X) that are also invariant under time 
reversal. 


Proof. The lift of an invariant measure to T; (H) gives a measure on G x S! that 
is locally of the form u x ds for length measure along geodesics. By invariance 
under T, u is a geodesic current. Conversely, the product of a geodesic current 
with length measure gives an invariant measure for the geodesic flow. a 


Remark. The geodesic flow cannot be reconstructed from the topological 
action of [ on S1, since its time parameterization determines the lengths of 
closed geodesics. 


Intersection number. Let Z C G x G be the set of pairs of geodesics (a, 8) 
that cross one another. Note that we can identify Z with the bundle J (H) 
whose fiber over x € H consists of ordered pairs (+v, +w) of unoriented, linearly 
independent unit vectors. 

Similarly, we have Z/T = (X). We define the intersection number i(a, B) 
of a pair of geodesic currents to be the total measure of Jı (X) with respect to 
the measure a x 8. 














Theorem 3.8 If a, are closed geodesics on X, then i(a, ß) is the number of 
transverse intersections of a and p. 


Theorem 3.9 We have i(a, Lx) = 9 (X). 





Proof. We have a natural projection W(X) > Pi(X) = T,(X)/(+1) by 
(tv,4w) > (tv). By the characteristic property of the integral geometry 
measure, the pushforward of a x Lx to P\(X) gives the product of a with 
length measure along geodesics; i.e. it gives the measure invariant under the 
geodesic flow corresponding to a. The total mass of this measure is then just 
the length of a. a 

















Remark. The proof shows that i(a, Lx) is simply the total mass of the corre- 
sponding measure on P;(X) invariant under the geodesic flow. 


Theorem 3.10 We have i(Lx, Lx) =77|x(X)|. 


Proof. As above, the pushforward of Lx x Lx to Pı (X) is the invariant measure 
u for the geodesic flow attached to Lx. We wish to relate this measure to the 
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usual Liouville measure dx dy d0. Since the computation is at a small scale, it 
suffices to work in Euclidean space. 
Thus we let Ly be the measure on the space of unoriented lines in R? given 
by the 2-form 
w = (1/2) sin 0 dé du. 


Here the line L(@,u) passes through (u,0) and has slope 0 € [0,7]. Letting 
(0, x,y) denote coordinates on P,(IR?), we have 


tand = y/(x — u), 


and thus u = x — y/tan@. Using the fact that d0 already appears in w, we then 
have 


w = (1/2) sin 0 d0 (dx — dy/ tan 0) = (1/2)d 0 (sin 0 dx — cos 0 dy) 


as a form pulled back to Pı (R?). Since the form a = cos 0 dx + sin 0 dy restricts 
to arclength along any geodesic in P, (R), we find: 





u =w ^a = (1/2)d0(sin? 0 + cos? 0) da dy = (1/2)dx dy d0. 


Consequently i(Lx, Lx) is one-half the volume of P,;(X) with respect to the 
standard measure. The standard measure has total volume = marea(X) = 
27?|x(X)|, completing the proof. E 


Topology of C(X). The space C(X) is equipped with the weak topology. That 
is, we have un — u as measures on G x G if and only if 


fou > fon 
for every 6 € Co(G x G). 


Using the fact that closed curves are dense in G, it is straightforward to 
show: 


Theorem 3.11 The set of weighted closed curves is dense in C(X). 


The next result is a little more subtle, since Z is an open set. It depends on 
the fact that pairs of geodesics near OJ are nearly parallel. 


Theorem 3.12 The intersection number i: C(X) x C(X) > R is continuous. 


Corollary 3.13 A map f : S — C(X) is continuous iff i(f(s), a) is continuous 
for every closed curve a. 


Corollary 3.14 The map Tg > C(X) given by Y œ Ly is a proper homeo- 
morphism to its image. 


Proof. We can find a finite set of simple closed curves whose lengths determine 
Fenchel-Nielsen coordinates for Y. a 
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Compactness. We say a current a binds X if every geodesic on X crosses a 
geodesic in the support of a. For example, if a = ` Cia; is a weighted sum of 
closed curves with C; > 0, and if every component of X — Ua; is a topological 
disk, then a binds X. Similarly, Lx binds X. 


Theorem 3.15 Ifa binds X, then for any M > 0 the set 
K ={B : i(a,B) < M} CC(X) 
is compact. 


Proof. It suffices to show that every p € G has a neighborhood U such that 
B(U) < Cy for all 6 € K. Given p, pick q € suppa such that (p,q) € T. Since 
T is open, we can find a neighborhood U x V of (p,q) within it. Then for all 
B € K, we have 

BU )alV) < i(a, 6) < M, 


and thus 8(U) < M/a(V) = cu. E 


Corollary 3.16 Let (a;) be a set of closed curves that bind X. Then the set 
of points Y € Tg such that ly (ai) < M is compact. 


Random geodesics. Putting these results together, we see that any point 
in Teichmüller space can be specified by a sequence of weighted simple closed 
curves CnYyn —> Lx. These curves can be constructed by choosing a random 
vector in Tı (X) and closing longer and longer segments of the resulting geodesic. 
Thus one sometimes refers to Lx as a ‘random geodesic’ on X. This is made 
more precise by the following result. 


Theorem 3.17 For suitable closed geodesics yn, we have 


Lx(6) = 5 oia aD, (3.1) 


Lx (Yn) 


Proof. Choose Yn such that CnYyn > Lx; then we have Lx (6) = lim Cni(yn, ô) 
and the equation 


i(Cn'ins Lx) = Cn Lx (n) > (Lx, Lx) = 7°Ix(X)| = (1/2) area(X) 
gives the behavior of the constants Cn. E 


Alternatively, for small r one can consider the locus U, C Tı (X) of tangents 
to segments of length 2r centered on points of ô. Then the angular measure of 
U, through a point p at distance t from 6 is given by 4cos~+(t/r) (which tends 
to 27 as t + 0). Thus 


r 


m(U,) ~ rx f 4cos™}(|t|/r)dt = 8rLx (ô). 


-=r 
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Now a random geodesic yn will meet U, in i(¥n, ô) segments, each of length 2r; 
hence we have: 


Li N U,) _ 2ri(yn, ô) 3 m(U,) 8rL x (6d) ; 


Ln) Lx(%n)  m(T(X)) 2rarea(X) 


This shows: 
_ 2Lx (in) Lx (8) 


i(n, ô) tarea(X) ’ 


which also gives (3.1). 


Laminations. A geodesic lamination A C X is a closed set that is a union 
of simple geodesics. Through each point of A there passes a unique complete 
simple geodesic contained in À. (One might regard the foliation of A by simple 
geodesics as part of the structure of the lamination; for surfaces of finite volume 
this structure is redundant, but for surfaces of infinite volume (such as H itself) 
it is not.) 

A transverse measure u for À is an assignment of a positive measure to each 
transversal 7 to A, supported on TNA and invariant under homotopy. A measured 
lamination is a geodesic lamination equipped with a transverse measure of full 
support. 

We say a € C(X) is a measured lamination if i(a,a) = 0. This condition 
implies that the set of geodesics in the support of a form a geodesic lamination 
A, and that a yields a transverse invariant measure of full support. The converse 
also holds, and thus: 


Theorem 3.18 The set ML(X) of measured geodesic laminations can be iden- 
tified with the space of currents such that i(a,a) = 0. 


Examples of laminations. The simplest example of a measured lamination 
is a simple closed curve a. 

For a more interesting example, let F be an irrational measured foliation of 
a torus T. Cut T open along a single leaf, and insert a bigon. The result is a 
punctured torus X with a measure lamination A whose transversals are Cantor 
sets. 

This example can be compared to the construction of the Cantor set by 
cutting the interval [0,1] open at every dyadic rational p/2", and inserting an 
interval of length 37”. 


Theorem 3.19 (Nielsen) Any geodesic lamination of a surface of finite vol- 
ume has measure zero. 


Proof. Apply Gauss-Bonnet to the surface obtained by doubling X — across 
its boundary. || 
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Compactification. Let PC(X) =C(X)/R+ with the quotient topology. 


Theorem 3.20 The projective space PC(X) is compact. 


Proof. Any sequence of projective currents [œp] lifts to a sequence normalized 
to that £x(a,,) = 1, and these currents form a compact set by Theorem 3.15. 


Theorem 3.21 The Teichmüller space Tg embeds into PC(X), and the union 
Tg UPML(X) 
is compact. 


Proof. Embedding is immediate because i(Ly, Ly) is constant for all Y € Ty. 
Now suppose Y„ — oo in Jj. Then there exists a simple closed curve a such 
that i(a, Ly, ) => co. Consequently Ly, goes to infinity in the space of currents. 
Thus if we rescale Ly, so it remains in a compact set, its self-intersection number 
tends to zero and any limit is a measured lamination. a 


Pinching. As an example, let (¢;,7;)?%~° be Fenchel-Nielsen coordinates as- 
sociated to a pair-of-pants decomposition (a;) of Zg. Set 7 = 0 and consider 
the surfaces Y, = Y (p) where £? < 1 and ¢? — 0 for some i. Each corre- 
sponding geodesic y? on Y,, is enclosed in a standard collar neighborhood of 
width approximately log(1/¢?). Passing to a subsequence, we can assume that 
[log(1/?)] — [w;] in the projective space P(R”). Then Yp > X wia; E PMLg, 
because 


€5(¥n) = > _ log(1/e?)i(8, ax) + Os(1) 


for every closed geodesic 8 on Yn. 

This shows every weight sum of disjoint simple closed curves actually occurs 
in Tg. We will soon see these sums are dense in PMZ£,, and thus PML, = Tg. 
Twisting. Similarly, let Y E€ Mod, be a product y = TC of Dehn twists about 
disjoint simple closed curves, and let A = J) |n,;|Ci;. Then w”(X) —> [A] for all 
X € Ty. 

As Bers once put it: there are two ways to send a Riemann surface to infinity 
in Teichmiiller space: by pinching it, and by wringing its neck. 


3.4 Laminations 


The space M Ly turns out to be a rather concrete space: it is a finite-dimensional 
manifold, homeomorphic to a R®°9~®, with combinatorial charts that depend only 
on the topology of Zg. 

Example: braids and simple closed curves. To motivate our approach 
to MZ£,, and more generally to MLg,n, we consider a particular sequence of 
simple closed curves on the 4-times punctured sphere. 
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Let X = C — {—1,0,1}. Choosing a marking, we can consider X as an 
element of the Teichmüller space Mo,4. 

Let A,B be simple closed curves on X, represented by round circles, such 
that A encloses {—1,0} and B encloses {0,1}. Let a, 8 € Mod(X) be given by 
the left Dehn twist on A and a right Dehn twist on B. Note that a and £ are 
conjugate under the reflection p(x + iy) = —ax + iy. 

We now wish to examine the simple closed curves given by 


(Co, C1, C2, C3,...) = (A, B(A), aB(A), BaB(A),...). 


These curves can be visualized by enclosing the top two strands of an alternating, 
3-stranded braid in a rubber band, and then pushing the band downwards, one 
crossing at a time. See Figure 12. 

By the time one has drawn C4, it has become evident that (although they are 
very long) these curvesi consist mainly of many parallel strands, joined together 
in a simple branching pattern. 

The branching pattern for the curves with odd indices is the train track T 
shown in Figure 13. Any collection of non-negative integral weights (a, x, b, y, c) 
on the edges of 7, satisfying the switching conditions 


a=b+a,a+au=c+y, b+c=y 


at its vertices, determines a simple closed curve C(a, x, b, y,c) carried by T. To 
construct C(a, x, b, y,c), replace each edge of r by a number of parallel strands 
determined by its weight, and join them without crossing at the vertices. 

For simplicity, we eliminate the weights x and y (since they are determined 
by the switching conditions); we then have a curve C(a,b,c) defined by inte- 
gers satisfying a = b+ c. In this notation, Co = C(1,1,0), C2 = (2,1,1) and 
C4 = (5, 2,3), and in fact all the curves C2; are carried by 7. The weights (a, b, c) 
are simply the number of strands crossing (—co, —1), (0, —ioo) and (1,00) re- 
spectively. 

The curves C2;;1 are similarly carried by the train track 7’ = p(T). Using 
the same crossing numbers, we then have simple closed curves C” (a, b, c) carried 
by 7’. On 7’ the weight relation becomes c = a + b. 

It is now easy to check: 


Theorem 3.22 We have 6(C(a,6,c)) = C’(a,c,b + 2c) and a(C'(a,b,c)) = 
C(b + 2a, a,c). 


Since the weight transformations are linear, it is easy to compute that the 
action of Yy = aß is given by w(C(a, b,c)) = C(2a+c, a, b+2c). We can eliminate 
b = a — c and obtain 


2 Rl a 
WC) =ceataato=c|(i n (")). 


Starting with Co = C(1,0) = C(fi, fo), we then find Cai = (fzi+1, fai), where 
(fo, fi; fo, f3,---) = (0,1, 1, 2,3,5,8,...) are the Fibonacci numbers. 
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oO 


ag) 


Figure 12. Simple closed curves Co, C1, C2, C3, C4. 
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b 
Figure 13. A train track for Coi. 


It is well-known that fn4i/fn > y = (1 + V5)/2 (the golden ratio). Thus 
[C2;] converges, in the space PML, to the projective measured lamination 
[C(y,1)] = [A]. Moreover, this measured lamination satisfies (A) = y- À. 

Note that [A] is not transversally orientable! Thus it does not represent a 
cohomology class on X. 

We now proceed to a more formal discussion. 


Train tracks. A train track r C X is a finite 1-complex such that 
(i) every x € 7 lies in the interior of a smooth arc embedded in 7, 
(ii) any two such arcs are tangent at x, and 


(iii) for each component U of X — 7, the double of U along the smooth part 
of OU has negative Euler characteristic. 


Example. The complementary regions of our train track 7 are all punctured 
monogons. The double of such a surface is a triply-punctured sphere. 

The vertices (or switches) of a train track, V C 7, are the points where 3 
or more smooth arcs come together. The edges E of 7 are the components of 
T — V; some ‘edges’ may be closed loops. 

The module of a train track. Let T(r) denote the Z-module generated by 
the edges E of 7, modulo the relations 


lex] +--+ [er] = [e1] +--+ + [es] 


for each vertex v € V with incoming edges (e;) and outgoing edges (e4). (The 


distinction between incoming and outgoing edges depends on the choice a di- 
rection along 7 at v.) Since there is one relation for each vertex, we obtain a 
presentation for T(r) of the form: 


ZY 2S UE > T(t) > 0. (3.2) 
The space of 1-cycles on 7 with values in B is defined by 
Zı(T, B) = Hom(T(r), B). 


Laminations A geodesic lamination A is carried by a train track 7 if there is a 
continuous collapsing map f : A —> T such that for each leaf Ao C A, 
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(i) f\Ao is an immersion, and 
(ii) Ao is the geodesic representative of the path or loop f : ào > X. 


Collapsing maps between train tracks are defined similarly. 
Theorem 3.23 Every geodesic lamination is carried by some train track. 


See [HP, 1.6.5]. 
A collapsing map À — 7 sends transverse measures on A to elements of 
Z(t, R,). 


Theorem 3.24 The set of measured laminations carried by T corresponds to 
the set of positive 1-cycles Zı(T, R4). 

The set of systems of simple closed curves with rational weights carried by T 
corresponds to Z! (T, Q4). 


Corollary 3.25 Weighted systems of simple closed curves are dense in ML(X). 
Corollary 3.26 The closure of Tg is all of PML(X). 

Using train tracks as charts, one finds: 
Theorem 3.27 The space ML(X) is a PL-manifold of dimension 6g — 6. 


For example, if we take 3g — 3 curves forming a pair of pants decomposition 
of X (with 2g — 2 pants), then add 3 more arcs to each pair of pants to obtain 
a train track, then the original curves give 4(3g — 3) = 12g — 12 edges, the new 
arcs give 3(2g — 2) = 6g — 6 more edges; and each of the original curves now 
carries 4 vertices, so we get |E| = 18 — 18, |V| = 4(3g — 3) = 12g — 12, and the 
difference is 6g — 6. 

With more work (using e.g. the classification of surface diffeomorphisms), 
one can show more precisely: 


Theorem 3.28 The space PML(X) is homeomorphic to a sphere of dimension 
6g — 7. 


Example. Using our train track 7, one sees that PMZ£o 4 is a compact 1- 


manifold, hence a circle. It is instructive to find a finite collection of train 
tracks whose charts cover PMLo,4. 


3.5 Symplectic geometry of Teichmüller space 


Hamiltonian formalism. Recall that a symplectic manifold (M?",w) is a 
smooth manifold equipped with a closed 2-form such that w” 4 0. A typical 
example is C” ~ R?” with w = ` dz; A dyi. 
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Any smooth function H : M —> R determines a Hamiltonian vector field Xy, 
characterized by w(Xy,Y) = dH(Y). The flow generated by Xx preserves both 
w and H; for example, 


Lx(w) = dix(w) + ixd(w) = d(dH) +ix(0) = 0. 


Fenchel-Nielsen coordinates. Recall that any pair of pants decomposition of 
Zg, determined by simple closed curves a1, ..., 39-3, gives a coordinate system 
(Ti, li) for Tq: 

We emphasize that 7;, like @;, has units of length, and that the vector field 
0/07; represents a right twist along the corresponding simple closed curve. 


Theorem 3.29 The symplectic form w = >> dl; ^ dri is independent of the 
choice of coordinate system. 


Kahler form. This symplectic form has many other manifestations; for exam- 
ple, when coupled to the complex structure it yields the Weil-Petersson metric, 
given on the cotangent space by ||¢||3 = fy |¢|?/p?- 

In the case of H = 71,1, we have 7 ~ xz/y and £ ~ 1/y, and thus w = déAdr ~ 
dxdy/y? as y => oo. Thus the Weil-Petersson metric is approximately |dz|/y3/?, 
the distance to the cusp is finite and hence Mı has finite Weil-Petersson diam- 
eter. 

In particular, the Weil-Petersson metric is not equivalent to the Bergman 
metric, since the latter is complete and in fact comparable to the Teichmüller 
metric [Ha]. 


Earthquakes. For simple closed curves we have: 


Corollary 3.30 The Fenchel-Nielsen twist —0/07; is the Hamiltonian vector 
field generated by the length function ¢;(X). 


Based on this observation, for any A E€ ML, we define the twist deformation 
tw, : Tg —> Tg as the unit-time diffeomorphism generated by the Hamiltonian 
vector field —Xy, where H(X) = €)(X). The result is a right earthquake along 
the lamination A. 


Theorem 3.31 Any two points in Teichmiiller space are connected by a unique 
right earthquake. 


Convexity of lengths. Given simple closed curves a and 8, and p E€ aN £, 


let 6, € [0,7] denote the angle through which 6 must be rotated to line up with 
a. This angle changes to m — 0p if the roles of a and p are reversed. 


Theorem 3.32 For any pair of laminations a, B the right twist along p satisfies 


© ta(twea\(X) = F` cosl). 


dt pEanB 
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Corollary 3.33 Geodesic lengths are convex along earthquake paths, and strictly 
so if a meets p. 


Proof. It is also easy to see that 0p is decreasing under the earthquake flow 
along 8, and thus 


th dO, 
Gala twe) = 5 — sin(p) -y > 0. 
pEeanBs 


Following [Ker], we then have: 


Theorem 3.34 (Nielsen realization conjecture) Any finite subgroup G C 
Mod, can be lifted to a finite subgroup of Diff(Z,). 
Equivalently, any finite subgroup G of Mod, has a fixed-point in Tg. 


Proof. Pick a closed curves a that binds Zg, and let 6 = X gg: & € C(Z,). 
Then ¢g(X) is a proper function on Teichmüller space, so it achieves its mini- 
mum at some point Xo. If the minimum is also achieved at X1, then Xo = Xı 
because ¢g(X;) is strictly convex along the earthquake path from Xo to Xj. 
Since fg(g-X) = (X), we have g- Xo = Xo for all g € G. E 


Invariant measure for the Teichmüller geodesic flow. We remark that 
there is a parallel discusion for the Teichmüller geodesic flow, in which $+ x S1 
is replaced by PMC. 

These is a natural Modg,n invariant measure on MCL which is analogous to 
the SL2(Z)-invariant measure dx dy on R?. From this we can obtain a formula 
for the invariant measure on PML x PMC. 


Theorem 3.35 The Mod,-invariant measure on PML x PML is given locally 
by 

E (XoYo)fde dy 

B= X,Y) 


Here (Xo,...,Xa—1) and (Yo,..., Ya_1) are local coordinates on M£ in the 
GLa(Z) charts given e.g. by periods or train tracks. So in these coordinates, 
dX dY is a Mod,,,-invariant measure on ML x MCL. But it is not invariant 
under the action of A = R; x R+ given by (X,Y) 4 (aX, BY). To achieve 
this, we divide by i(X,Y)¢. 

Coordinates on PMC are given by (x,y) where x; = Xi/Xo, i = 1,...,d— 1 
and similarly for y. To get the invariant measure f(x,y) dxdy, we choose a 
2-form w on ML x ML which restricts to Haar measure on each A-orbit; for 
example, 

_ dX dYo 
= 
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We then solve the equation 





dX dY 
We find aX a 
dx dyw = ———, 
ve (Xo¥o)4 


which gives the desired formula for f. 

Note that f(a, y) = (XoYo)%/i(X, Y)? is homogeneous in (X,Y), so it only 
depends on (x, y). 
Example: For (g,n) = (1,0) we get 


XoYo ) 1 


few = (aati = z 


(yı — £1) 


4 Teichmüller theory via complex analysis 


This section provides an introduction to the complex analytic theory of Te- 
ichmüller space. It centers around the geometric meaning of the Teichmüller 
metric. 

Basic references for Teichmüller theory include [Ga], [IT] and [Nag]. 


4.1 Teichmüller space 


Definitions. A Riemann surface X is of finite type (g, n) if X = X — E for 
some compact Riemann surface X of genus g and finite set E with |E| = n. 
Each end of X is isomorphic to a punctured disk. 

Let S be a compact connected oriented surface. and let X be a Riemann 
surface of finite type homeomorphic to int(S). A marking of X by S is an 
orientation-preserving homeomorphism 


f :int(S) > X. 
The Teichmüller metric on Riemann surfaces marked by S$ is defined by 
1 
d((f,X),(g,Y)) = z inf{log K (h) : h: X >Y is homotopic to go f~'}. 


Here h ranges over all quasiconformal maps respecting markings, and 


cy [l + Ihz 


K(h) = sup ——_— > 
x [hz] — [hz] 


is its dilatation. 
For any two Riemann surfaces X,Y marked by S, the compactifications X 
and Y are diffeomorphic. Thus their exists a quasiconformal map f : X > Y 
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respecting markings, and therefore the Teichmiiller distance between X and Y 
is finite. 

The Teichmiiller space Teich(S) is obtained from the space of all marked 
Riemann surfaces (f, X) by identifying those at distance zero. Equivalently, 
two marked surfaces (f1, X1) and (f2, X2) define the same point in Teich(S) if 
there is a conformal map h : Xı > Xz homotopic to fzo fy. 

The mapping class group Mod(S) consists of all homotopy classes of orientation- 
preserving homeomorphisms h : S — S. (In fact homotopy and isotopy define 
the same equivalence relation here.) There is a natural action of Mod(S$) on 
Teich(S) by 

Wf x= (fon XO: 


This action is an isometry for the Teichmiiller metric. (In fancier language, the 
map S > Teich(S) is a functor from the category of surfaces and isotopy classes 
of homeomorphisms, to the category of metric spaces and isometries.) 

The notation T,,, is often used for the Teichmüller space of Riemann surfaces 
of genus g with n punctures. 


4.2 The Teichmüller space of a torus 


Theorem 4.1 The Teichmüller space of a torus S is naturally isometric to 
H, with the conformal metric $\dz|/Im(z) of constant curvature —4, and with 
Mod(S) S SL2(Z) acting by Möbius transformations. 


Proof. A marked torus f : S —> X = C/A determines a homomorphism 
fe: ™1(S) + A. Choosing oriented generators (a,b) for 71(S) S Z@ Z, we can 
normalize by scaling in C so that f,(a,b) = (1,7) with r € H. This gives the 
desired map Teich(S) S H. 

To see the Teichmüller metric dr is half the hyperbolic metric dy, first 
note that the natural real affine map f : Xı —> X2, between a pair of tori X; = 
C/(Z®Zr;), has dilatation log K(f) = da(t1, 72). This is particularly clear when 
Ti = iyi, since then f(x,y) = (x, yoy/y1) has log K(f) = | log(y2) — log(y1)]. 

Therefore 

dr(t1,72) < du(t1, T2)/2. 


To see f is extremal, we look at the distortion of extremal length. Letting 
T(1,0) denote the family of loops on S in the isotopy class (1,0) € ™($), we 
have seen that A 

AT (1,0), C/(Z @ TZ)) = —. 
Imr 
Since extremal length is distorted by at most the factor K(f), we have 
1 
dr (T1, 72) > z! log Im(71) — log Im(r2)|. 

Now the right-hand side is just the hyperbolic distance between the two 

horocycles resting on oo € R = OH that pass through 7, and 72. By replacing 
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T(1,0) with T'(p, q), we see in the same way that 


dr(71, 72) > sé (9/4), Ha(/4). 


where H;(p/q) is the horocycle resting on p/q and passing through 7;. Letting 
p/q tend to an endpoint of the geodesic between 7, and 79, the right-hand side 
tends to dy(71,72)/2, and thus dr = dy /2. E 


Cross-ratios. Any 4-tuple E C C naturally determines a 2-fold covering space 
m : X(E) — C branched over E, where X = C/A is a torus and the critical 
points of m are the points of order two on X (E). Conversely, the quotient of a 
torus X by the involution x > —z gives the sphere with 4 branch points E. 

The map E + X(E) gives a natural bijection between Tp 4, Tı. Since 
the extremal quasiconformal map F : X(E) —> X(EFE') can be chosen to be a 
group homomorphism, it commutes with x +> —x and so it descends to a map 
f:(C-E) > (C — E’). Thus To,4 and T; are isometric. 

Let Moa denote the moduli space of ordered 4-tuples of points on the Rie- 
mann sphere. Then Mo aC {0, 1,00}; the isomorphism is given by taking 
the cross-ratio. There is a regular covering map Mos — Mo,4 with Galois 
group S3. From the discussion above, we have: 


Corollary 4.2 The Teichmüller metric on the space of cross-ratios Mo, = 
C — {0,1,00} coincides with the hyperbolic metric of constant curvature —4. 


Corollary 4.3 A K-quasiconformal mapping distorts the cross-ratio of any 
4 points by a bounded amount, as measured in the hyperbolic metric on C — 
{0,1, co}. 


Corollary 4.4 A K-quasiconformal map f is (1/K)-Holder continuous. 


Proof. Assume f fixes {0,1,00}. The hyperbolic metric on X = C= {0,1,00} 
near z = 0 is bounded below by |dz|/(|z|log|Az|) for some A > 0, and 


b 
dx 
I zloglAz) = log log Ax, 


so for z near zero we have 
log K(f) > dx(z, f(z)) = dx (lal, |f(2)|) = [log log |Az| — log log |Af(z)|I, 
which gives | f(z)| < O(|z|'/*). 


This proves Hélder continuity of f at z = 0. By replacing f with AfB for 
Möbius transformations A and B, the same proof applies near any point. MH 
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Corollary 4.5 The space of K-quasiconformal homeomorphisms of the sphere 
is compact, up to the action of Aut(C). 


Proof. Once normalized to fix 3 points, the space of K-quasiconformal maps is 
uniformly Holder continuous by the preceding corollary, and it is closed because 
the property mod(fQ) < K mod(Q) persists under uniform limits. By Arzela- 
Ascoli, we have compactness. | 


4.3 Quadratic differentials 


Let X be a Riemann surface. A quadratic differential ọ on X is a tensor locally 
given by ¢ = ¢(z)dz?, where ¢(z) is holomorphic. In other words, ¢ is a section 
of the square of the canonical bundle on X. 

If ¢(p) # 0, then we can find a local chart near p in which ¢ = dz?. This 
chart is unique up to 





z> +z + a; (4.1) 


it is given locally by 


«a= f Vve 


(Note that /¢ is a holomorphic 1-form.) 

A quadratic differential determines a flat metric |¢| on X and a foliation F 
tangent to the vectors with ¢(v) > 0. For the differential 6 = dz? on C, the 
metric is just the Euclidean metric on the foliation is by horizontal lines. Note 
that these structures are preserved by the transformations (4.1). 

If $(p) = 0, then there is a local chart with ¢(z) = z¢4dz?. The metric |¢| has 
a cone-like singularity with (2 +d) degrees at p (and thus negative curvature); 
the foliation has d+ 1 leaves coming together at p. 

A quadratic differential is integrable if 


lol = f 10 < 00. 


Let Q(X) denote the Banach space of all integrable quadratic differentials with 
the L+-norm above. The norm of ¢ is simply the total area of X in the |¢|-metric. 


Proposition 4.6 Let X be a Riemann surface of finite type. Then Q(X) con- 
sists of the holomorphic quadratic differentials on X with at worst simple poles 
at the punctures of X. 


Proof. Near z = 0, f |dz|?/|z|" = [r~"r dr d0 converges iff n < 2. E 
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Example. The surface X = C* becomes an infinite cylinder in the metric 
determined by ¢ = dz?/z?, so ¢ Z Q(X). On the other hand, for X = (C — 
{0,1,a}), the differential 


dz? 
(0) = __..|Nnyuwwywwl.ultt. 
z(z—1)(z-a) 
lies in Q(X). When a € R, X is the double of a rectangle (a pillowcase) in the 


|¢|-metric. 


Corollary 4.7 If X is a Riemann surface of finite type (g,n), then 


n—-3 g=0, 
: 1 g=1,n=0, 
aCe) =: n—-1 g=1,n>0 


3g—3+n g>2. 


4.4 Measured foliations 


A measured foliation F on a manifold M is a foliation equipped with a measure 
on the space of leaves. That is, F comes equipped with a measure a on all 
transversals T to F, such that the natural maps between transversals (following 
the leaves of the foliation) are measure-preserving. Morally, a is a measure on 
the leaf space of F. 


Basic examples. 


1. The foliation by horizontal lines in C with the transverse measure |dy| 
determines a measured foliation F, such that the mass of a transversal T 
is its total variation in the vertical direction. 


2. Since F is translation invariant, it descends to a measured foliation on 
any complex torus X = C/A. 


3. On a surface, a measured foliation is determined by a degenerate metric g 
of rank one on X. The null-geodesics of g are the leaves of the foliation, and 
the measure of a transversal is its g-length. Thus g(x,y) = y? describes 
the standard foliation in the plane. 


4. A nowhere vanishing holomorphic quadratic differential o on X similarly 
determines a measured foliation F(¢). In a chart where ¢ = dz”, the 
measured foliation becomes the usual one whose leaves are horizontal lines. 
The degenerate metric g defining F(¢) is given by 


g = | Im Vg}. 


The measured foliation F(—¢) has leaves orthogonal to those of F (¢), and 
the product of the transverse measures gives the area form determined by 
the quadratic differential: 


l$l = aF) X aF(—¢): 
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5. By convention, one broadens the definition of a measured foliation on a 
surface to allow singularities like those of quadratic differentials at their 
zeros. Then any holomorphic quadratic differential determines a measured 
foliation. 


6. A closed 1-form w with generic zeros determines a measured foliation 

with singularities smoothly equivalent to the standard model (zdz)? at 
z = 0. Namely w = df locally, the foliation F is by the level sets of f 
(or the integral curves of the kernel of w), and the f is the integral of 
the transverse measure. Conversely, any transversely oriented measured 
foliation corresponds to a closed 1-form. 
The special feature of holomorphic quadratic differentials is that they 
locally correspond to the square of a harmonic 1-form. Geometrically this 
means that the foliation obtained by rotating the leaves of F(¢) by 90° 
(or any other angle) also comes equipped with a transverse measure; or 
that F(¢) is locally defined by a 1-form w such that d*w = 0. 


Now given a measured foliation F and a conformal metric p, we can form a 
measure p X az on X that is locally the product of the transverse measure of 
F with p-length along leaves. We define the length of F by 


UF) = f o(2\ldel = f px ar. 


Let us say F ~ F' if there is a homeomorphism of X, isotopic to the identity, 
sending F to F’. This relation is meant to generalize the idea of moving a simple 
curve by isotopy. Then the extremal length of F on X is defined by 


$ f ey 1\2 
MF,X) = sip FuF' bol F’) 
7 areay(X) 


A measured foliation is geodesic for p if it minimizes ¢,(F) in its isotopy 
class, and p is extremal if it maximizes the extremal length quotient above. 


Theorem 4.8 Let o € Q(X) be a nonzero holomorphic quadratic differential 
on a Riemann surface X of finite type, and let p =|d|!/2. Then 


£,(F(9)) < !o(F(4)) 
for any metric T with area, (X) = area,(X). Equality holds iff T = p. 


Proof. By definition, the restriction of p = |¢|'/? to the orthogonals of F = 
F() gives its transverse measure. Thus 


£o(F)? = G P) = area,(X)?. 


On the other hand, by Cauchy-Schwarz, 


(F? = (f) - (fo) < [P [P= 0., 
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by our assumption that 7 and p give X the same area. If equality holds in 
Cauchy-Schwarz, then 7 is a constant multiple of p, so rT = p by our normaliza- 
tion of the area. | 


Corollary 4.9 We have \(F(¢)) = ||@||, and p = |p|! is the unique extremal 
metric for F(o), up to scale. 


Proof. The foliation F = F(¢) is the unique geodesic in its equivalence class 
because p is a metric of non-positive curvature. More precisely, suppose F’ = 
f(F), where f is isotopic to the identity. Define a map g : X > X by sending 
each leaf L’ of F’ to the corresponding leaf L = f~+(L) of F by the nearest- 
point projection, in the p-metric. Since L is a p-geodesic and p is non-positively 
curved, this projection does not increase distances. Thus fp, p > fp and 
therefore F is geodesic. It follows that 


inf x £,(F’)? K lL (F)? 


MF) > Sey _ = 
7) 2 area,(X) ^ area,(X) area (X) = ||¢|| 
On the other hand, 
infer l (F')? UF) x. Ty 
ACF) MR arear (X) F> Sup area, (X) = areay (X) Ilol] 


by the preceding theorem, and for equality to hold we must have 7 a constant 
multiple of p. a 


Unique ergodicity. The p-geodesic representative of F(¢) may not be unique 
as a measured foliation. For example, let X = C/Z @ TZ be a torus, let ¢ = 
[dz?] € Q(X), and let F = F(¢) and p = |@|!/?. Then projection to the y-axis 
gives a fibration 

a: X > S! = R/ZImr, 


whose fibers are the leaves of F. The transverse measure to F pushes forward 
to give a measure a on S1, and conversely any measure a’ on S! determines a 
measured foliation F’ with the same leaves as F. If the total mass of a and a’ 
is the same, then F’ ~ F, and both are geodesic for the p-metric, even though 
they are distinct as measured foliations. 

On the other hand, we say a measured foliation is uniquely ergodic if it admits 
a unique transverse invariant measure up to scale. For example, an irrational 
foliation of X is uniquely ergodic. If F(@) is uniquely ergodic, then it is the 
unique geodesic measured foliation in the |¢|!/?-metric. 
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4.5 Teichmiller’s theorem 


In this section we continue to assume x(S) < 0, so the Riemann surfaces in 
Teich(S) are hyperbolic. 


Definition. Let X,Y € Teich(S) be marked Riemann surfaces. A Teichmüller 


mapping 
f: X79 Y 


is a quasiconformal map, respecting markings, such that 


of d 

uf) af kig 

for some ¢ € Q(X) and0 < k < 1. The map f has dilatation K = (1+k)/(1—k). 

Equivalently: there is a quadratic differentials ¢ € Q(X) such that, away 

form its zeros, there are charts on X and Y in which ¢ = dz? and f(x + iy) = 

Ka + iy. 

This means f maps F(¢) to F(p) for some w € Q(Y), stretching the leaves 

of F(¢) by a constant factor K in the flat metric, and sending the orthogonal 
leaves to the orthogonal leaves by an isometry. 


Theorem 4.10 Let f: X — Y be a Teichmüller mapping between hyperbolic 
Riemann surfaces. Then f is the unique extremal quasiconformal map in its 
homotopy class. That is, K(g) > K(f) for any g homotopic to f, and equality 
holds iff f = g. In particular, 


dr(X,Y) = 5 log K(f). 


Proof. First note that the identity map is the only conformal map homotopic 
to the identity. This can be seen by lifting f to the universal cover so it induces 
the identity on the circle at infinity. So we may assume K = K(f) > 1. 

Let ¢ € Q(X) and y € Q(Y) be the quadratic differentials (unique up to 
a positive multiple) such that ||| = Kliol| and f(F(¢)) = F(w). That is, f 
stretches the leaves of F(@) by the factor K. 

Consider any quasiconformal mapping F : X — Y homotopic to f. Let 


p = W? 
be the extremal metric for F(Y) on Y, let 
g = F(p) 


be the Riemannian metric obtained by pulling it back, and let 


¥<9< K(F)y 
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be the ‘rounding down’ of g, i.e. the largest conformal metric on X lying below 


g. Then: 
K(fllall = el] =A F)) = -A Z ae 
_ LFO)? t,(F(6))? 9 
= rn O an E EAF =E 


Therefore K(F) > K(f) and thus f is extremal. 

To check uniqueness, suppose equality holds above. Then the process of 
rounding down, that is replacing g with y, must decrease the area of X by 
exactly K(f) while holding the length of F(¢) constant. It follows that the 
major axis of g must be tangent to F(¢), and the eccentricity of g must be 
K(F) = K(f) ae. But then u(f) = a(g), so g~to f is a conformal map isotopic 
to the identity, and thus f = g. a 


Theorem 4.11 (Teichmiiller’s theorem) There is a unique Teichmiiller map- 
ping f: X >Y between any pair of Riemann surfaces X,Y € Teich(S). 


Proof. The proof is by the ‘method of continuity’. 
Let Q(X); denote the open unit ball in Q(X). We will define a map 


m:Q(X)1 > Teich(S) 


such that the theorem holds for all Y in the image; then we will show 7 is a 
bijection. 

To define v, let ¢ belong to Q(X), and let k = ||¢|| < 1. For ¢ = 0 we set 
(0) = X. Otherwise, we construct a Teichmüller mapping f : X — Y with 
uf) = kd/|¢|, and set 7(¢) = (f,Y). 

To construct Y, we just apply a stretch by the factor K = (1 + k)/(1—k) 
along the foliation F(¢), to obtain charts for a new Riemann surface. The com- 
plex structure fills in over the isolated zeros of @ by the removable singularities 
theorem. Then by construction we have a Teichmüller mapping f : X > Y 
stretching along F(¢). 

Since f is extremal, we have d(X,7(X)) = log K. Since the extremal 
is unique, and f determines ¢, we can recover ¢ from m(X); and thus 7 is 
injective. But m is also continuous, and the dimensions of domain and range 
are equal by Theorem 3.1. Therefore 7 is an proper local homeomorphism, and 
thus a covering map. Since 7 is injective, it is a global homeomorphism. 

In particular, m is surjective, so any Y € Teich(S) is the target of a Te- 
ichmüller mapping with domain X. | 
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The case of a torus. When S is a torus, Teichmiiller’s theorem still holds up 
to the action of translations on X. That is, the Teichmüller mapping is only 
unique up to composition with a conformal automorphism of X isotopic to the 
identity. 

Real and complex Teichmiiller geodesics. Associated to a nonzero quadratic 
differential ¢ € Q(X) is an isometric, holomorphic map 


A > Teich(S) 


of the unit disk (with curvature —4) into Teichmüller space. This map t > X 
is defined by letting X, be X endowed with the complex structure coming from 
the Beltrami differential 


Ht = to/\dl, 


i.e. for t = ke’, the surface X; is the terminus of the Teichmüller mapping 
fi :X > Xt 


with quadratic differential e~*’¢ and with dilatation K(f) = (1 + k)/(1 — k). 

The image of the geodesic (—1,1) C A is the real Teichmüller geodesic 
through X determined by ¢; the image of A itself is the corresponding complex 
geodesic. 


4.6 The tangent and cotangent spaces to Teichmüller space 


On any complex manifold M, a deformation of complex structure can be defined 
by moving charts relative to one another. Thus the deformations are naturally 
isomorphic to H!(M,@), where © is the sheaf of holomorphic vector fields on 
M. This point of view is the basis of Kodaira-Spencer deformation theory. 

On a Riemann surface X, O is the sheaf of sections of K*, the dual of the 
canonical bundle. By Serre duality, 


H'(X,0)* S H°(X, K — O) = H°(X,2K) = Q(X). 


In other words, Q(X) is naturally the cotangent space to the Teichmiiller space 
Teich(S) at X. 

From the quasiconformal point of view, any complex structure on X can be 
specified by a Beltrami differential of norm less than one, and thus we have a 
surjective holomorphic map 


ma: M(X), > Teich(S) 


sending 0 to X. 

Here is a concrete description of this map r. First present X as the quotient 
H/T of the upper half-plane by a Fuchsian group I. Given u € M(X), lift it 
to H and extend it by reflection to the lower half-plane, obtaining a differential 
pi € M(C),. Now let F denote the solution to the Beltrami equation 


FH 
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that fixes {0,1,co}. Then by symmetry, F sends H to itself. Since fi is T- 
invariant, F conjugates I to a new Fuchsian group I’. Let X’ = H/T’. Then F 
descends to a quasiconformal map f : X > X’, and q(u) = (f, X’). 

The tangent space Tx Teich(S) is the quotient of M(X) (the tangent space to 
M(X); at the origin) by the space of trivial deformations of X. Here p is trivial 
if the complex structure it specifies is the same as the original structure on X up 
to isotopy. On an infinitesimal level, this means u = Ov for some quasiconformal 
vector field on X. (The space of such v can be thought of as the tangent space 
at the identity to the group QC(X) of quasiconformal homeomorphisms of X 
to itself.) 

We claim u = Ov iff f uo = 0 for every ¢ € Q(X). To see this, we note that 
the space Mo(X) of trivial u is a closed subspace of M(X), by compactness of 
quasiconformal vector fields. As Banach spaces we have 


L'(X,dz2?)* = L® (X, dz/dz) = M(X), 


so Mo(X) = PŁ for some subspace P of the space of L! measurable quadratic 
differentials. But if ọ € P, then 


[ =- | Gew=o 


for every smooth vector field v, and thus 0¢ = 0 as a distribution. Thus 
P+ C Q(X), and the reverse inclusion is obvious. 

Now think of u € M(X) as representing an infinitesimal quasiconformal 
mapping f : X > X’ with dilatation eu. Then 


1, i+elull 


= log ———. = e|lu|| + O(e?). 
slog lel cy) + oe) 


d(X, X') = 5 los K(f) = 
Thus the L norm on M(X) gives the dilatation of f. If we vary u by ele- 
ments of Mo(X), we obtain all maps that are infinitesimally isotopy to f. Thus 
the infinitesimal form of the Teichmüller metric is just the quotient norm on 
M(X)/Mo(X). Similarly, the cometric on Q(X) is just the induced norm from 
D1(X, dz?). 


Summarizing, we have: 
Theorem 4.12 For any X € Teich(S), we have 


Tx Teich(S) 
Tx Teich(S) 


II 


M(X)/Q(X)+ and 
Q(X). 


The quotient L°-norm on M(X)/Q(X)+ is the Teichmüller metric, and the 
Li-norm metric on Q(X) is the Teichmüller cometric. 


II 


Note that these Banach spaces are generally not Hilbert spaces, and thus 
the Teichmiiller metric is generally not a Riemannian metric. 
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The factors 1/2 and 4. The definition of the Teichmüller metric as dr(X,Y) = 
(1/2) inf log K(f) is compatible with the natural L? and L norms on the tan- 
gent and cotangent space used above. The same factor arises if we use the 
Euclidean metric on C to give a metric p on ToA; then p agrees at z = 0 with 
the metric of constant curvature —4, not —1. 


Geodesics and cotangents. At first sight it seems strange that a Teichmiiller 
geodesic is associated to a quadratic differential 6 € Q(X), because Q(X) 
is the cotangent space to Teichmiiller space (rather than the tangent space). 
The explanation is that the Teichmüller metric, while not Riemannian, gives 
a nonlinear duality between PQ(X) and PM(X)/Q(X)+. Namely to each line 
R¢ C Q(X) there is associated the supporting hyperplane Hy for the unit ball 
Bx ={@: ||é|| < 1}. This hyperplane is the kernel of the Beltrami differential 
u = ¢/|¢|, and u is tangent to the Teichmüller geodesic that stretches along ¢. 


4.7 A novel formula for the Poincaré metric 


Theorem 4.13 The hyperbolic metric p(t)|dt| on C — {0,1,00} is given by 


= |dz|? 
eW =e- D] fa -e 

Proof. Think of t € C— {0, 1,00} as determining a Riemann surface X, = 
Cx {0,1,00,t} in the moduli space of a 4-times punctured sphere. The Te- 
ichmuller metric has constant curvature —4 so up to a factor of 2 it agrees 
with the Poincaré metric p(t). On the other hand, a vector v € T;C deter- 
mines a deformation of X; whose Teichmüller length is given by | Res;(v@)|/||¢l, 
where ¢ € Q(X;) is any nonzero holomorphic quadratic differential. Taking 
(z) = dz?/(z(z — 1)(z — t)), we obtain the formula above. a 


4.8 The Kobayashi metric 


Why is the Teichmüller metric important? Given any complex manifold M, 
the Kobayashi metric on M is defined as the largest metric such that every 
holomorphic map 

f:A>M 


satisfies || f’(0)|| < 1. For example, on the disk itself, the Kobayashi metric 
is |dz|?/(1 — |z|?), the multiple of the hyperbolic metric that gives constant 
curvature —4. 

The Kobayashi metric is generally not a Riemannian metric; rather, it is a 
Finsler metric defined by a norm on each tangent space to M. The manifold 
M is Kobayashi hyperbolic if this metric is nowhere degenerate. A nice criterion 
for hyperbolicity is: 


Theorem 4.14 A compact complex manifold M is Kobayashi hyperbolic iff ev- 
ery holomorphic map f : C —> M is constant. 
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Cf. [La, III, §2]. For example, if M is covered by a bounded domain in C”, then 
it is Kobayashi hyperbolic. 
From the definition it is easy to see: 


Theorem 4.15 Any holomorphic map between complex manifolds is distance 
non-increasing for the Kobayashi metric. 


Now for Teichmüller space we have: 


Theorem 4.16 (Royden) The Teichmiiller metric on Teich(S) coincides with 
the Kobayashi metric. 


Corollary 4.17 Any holomorphic map f : Teich(S) + Teich(S) satisfies 
a fx, FY) < d(X,Y) 
in the Teichmüller metric. 


This Corollary is a Schwarz lemma for Teichmüller space. It indicates that 
the Teichmüller metric is well-adapted to the problem of finding the fixed-point 
of an iteration on Teichmüller space. 

See [La] for more details on Kobayashi hyperbolicity. 


4.9 Moduli space 


The moduli space M (S) = Teich(S)/ Mod(S) is obtained from Teichmüller space 
by forgetting the marking of S. Moduli space is an orbifold with exactly one 
point for each isomorphism class of Riemann surface of the type specified by 
S. The orbifold structure arises because Mod(S) does not act freely; for any 
X € Teich(S), the stabilizer of X in Mod(S) is isomorphic to the conformal 
automorphism group Aut(X). 

Example. For a torus, Mod(S) is the (2,3,00) orbifold H/SL2(Z); it is iso- 
morphic to the quotient of C= {0, 1,00} by its S automorphism group. 


Theorem 4.18 (Mumford) Let Mr C M(S) be the set of Riemann surfaces 
whose shortest closed hyperbolic geodesic is of length > L > 0. Then Mz is 
compact. 


Proof. For any X € M(S), we have 
area(X) = 27|y(S)| 


by Gauss-Bonnet. If X belongs to Mz, then balls of radius L/10 on X are 
embedded, and by the area bound there is an N = N(L,S) such that X is 
covered by N closed balls of radius L/10. 

Given a sequence X,, E€ Mz, choose such a covering Bn for each n. Passing 
to a subsequence, we can assume the nerve of Bn is constant. (The nerve is the 
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finite complex with a vertex for each ball and a k-simplex for each k-tuple of 
balls with nonempty intersection). 

Now choose a baseframe at the center of each ball. Whenever two balls meet, 
we can lift them uniquely to H? so the first frame goes to a fixed standard frame 
(e.g. at the origin in the ball model for Hi); then there is a unique isometry of 
H? moving the first frame to the second. In this way the oriented edges of the 
nerve of B, are naturally labeled by hyperbolic isometries. 

These isometries range in a compact subset of Isom(H?), so after passing to 
a subsequence we can assume they converge. Along the way a cocycle condition 
is satisfied along the boundary of any 2 simplex of the nerve, so the cocycle 
condition holds in the limit by continuity. Thus the limiting data determines 
charts for a hyperbolic manifold Xæ, and X is closed since it is covered by a 
finite number of balls Ba. 

Now each ball in By is naturally associated to a ball in Bn for n >> 0. Using 
baseframes, we obtain isometries between associated balls. Using a partition 
of unity on Xo, we can piece these isometries together to obtain a continuous 
map fn: Xo > Xn for all n > 0. Since the gluing data for X,, converges to 
that of Xæ, the isometries relating adjacent balls are nearly the same, so fn is 
a nearly isometric diffeomorphism for all n >> 0. In particular, K(f,) > 1, and 
thus the Teichmüller distance from X,, to Xə tends to zero. 

Thus Xə € Mz and we have shown every sequence in Mz has a convergent 
subsequence. | 


4.10 The mapping-class group 


In this section, following [Bers2], we give the proof of: 


Theorem 4.19 (Thurston) Any mapping-class |f] € Mod(S) has a reprenta- 
tive which is: finite order, reducible, or pseudo-Anosov. 


Pseudo-Anosov mappings. Here f is reducible if there is a multicurve C C S$ 
whose components are permuted by f. 

A mapping f : X —> X on a Riemann surface is pseudo-Anosov if f is a 
Teichmiiller mapping of dilatation K? > 1 and its initial and terminal quadratric 
differentials (normalized so f |g| = 1) coincide. Note that the Riemann surface 
X is not unique — it can be chosen as any point on the loop in Mg determined 
by f. 

With this in mind, we say f : S — S is pseudo-Anosov it is preserves a pair 
of transverse, measured foliations, multiplying the transverse measure on one 
by K and on the other by 1/K. 

This structure permits a detailed analysis of the topological and measure- 
theoretic properties of f. For example: 


Proposition 4.20 A pseudo-Anosov mapping is ergodic. 
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Proof. (Hopf.) The ergodic sums of T” for n > 0 are clearly constant along 
the leaves of one foliation, and the sums for n < 0 are constant along the leaves 
of the other. Thus their limit is constant. a 


Proposition 4.21 The period points for f are dense. 


Proof. Take a small square S$ C X. By Poincaré recurrence, we can find a 
large n such that f”(S) meets S. Thus f"(3S) passes near the center of 3S, 
giving a long thin rectangle cutting through two of its sides. It follows easily 
that f”|3S has an invariant leaf and there is a fixed point on this leaf. E 


A more detailed analysis shows: 


Proposition 4.22 The map f is mixing, and each of its invariant foliations is 
uniquely ergodic. 


Proof of Theorem 4.19. Connect X to fX by a path in 7g and project to 
obtain a loop y C M, of finite length. Now try to shrink this loop to make it 
as short as possible. If it shrinks to a point, f is of finite order; if it goes out 
the end of moduli space, f is reducible; and if it shrinks to a geodesic, then f 
is pseudo-Anosov. 

For a more precise analysis, observe that in the last case we can find an 
X € J, minimizing d(X, fX). Let Y be the midpoint of the geodesic from X 
to fX; then we must have 


d(Y, fY) =d(y, fx) +d(fx, fY). 


But for a pair of linear maps, we have K(AB) < K(A)K(B) unless the expand- 
ing and contracting directions coincide. This shows the initial and terminal 
foliations of f coincide. a 


4.11 Counterexamples 


1. There exist normalized K-quasiconformal maps fn : CT —> C such that 
(fn) + 0 weakly but fn does not converge uniformly to the identity. 
Fix K > 1 and let f(x + iy) = xz + s(y), where s is a piecewise-linear 
function with s(0) = 0 and 


i= K on [2n, 2n + 1) and 
Y*V1/K on [2n+1,2n42). 


Then the dilatation u( f) is constant on horizontal strips of unit width, but 
alternating in sign. Thus if we set f,,(z) = nf(z/n), then u(fn) alternates 
sign on strips of width 1/n. Moreover, fn fixes {0,1,co} and u(f,) > 0 in 
the weak topology on L®(C) (that is, f w(fn)g — 0 for any f € CS (C)). 
But fn converges uniformly to the real-linear map F(x + iy) = « + iLy, 
where L = (K + 1/K)/2. 
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2. There exist locally affine maps f : X —> Y between Riemann surfaces of 
finite type which are not Teichmüller mappings. 


Fix À > 1 and let X = C*/\ be a complex torus. Define f; : C* > C* 
by 

fila + iy) =x + ey. 
Then fi(Az) = Afi(z), and F = fı : X > X is a locally affine map. 
But fo(z) = z, so F is isotopic to the identity, and thus it is not the 
Teichmüller mapping in its homotopy class. 


The vertical lines of maximal stretch of F (t > 0) descend to give a Reeb 
foliation F of X; there are two closed leaves, coming from the imaginary 
axis, and all other leaves of F spiral from one closed leaf to the other. 
Because of the spiraling, this foliation admits no transverse invariant mea- 
sures other than -masses on the closed leaves. 


Note that F : X — X, while locally affine, is not Anosov — it preserves 
a splitting of the tangent space, but the splitting is not along the stable 
and unstable manifolds of F. 


4.12 Bers embedding 


In this section we discuss the Teichmüller space of a quite general Riemann 
surface X, and its embedding as a domain in a complex Banach space. 
Ideal boundary. Let X = H/T x be a hyperbolic Riemann surface, presented 
as the quotient of the upper halfplane by a Fuchsian group. We do not assume 
that X has finite volume. 

The group Ix acts on the whole sphere, with limit set A c R = RU {oo}. 
In particular the quotient of the lower halfplane, 


X* =(-H)/Px, 


is the complex conjugate of X. The map z = Z1 descends to a natural anticon- 
formal isomorphism X — X, identifying their fundamental groups. 

Let Q = R — A be the domain of discontinuity of [x acting on R. Then we 
can form a partial compactification of X by taking the quotient 


= (HUQ)/Tx. 


We refer to ideal-OX = X — X as the ideal boundary of X. 

As a special case, ideal-OH = R. Any quasiconformal f : H — H extends to 
a homeomorphism of H, and thus any quasiconformal map f : X —> Y extends 
to a homeomorphism f : X >Y. 


Homotopy and isotopy. The key to defining the Teichmüller space is to know 
which quasiconformal maps f : X — X are to be considered trivial. Luckily 
several natural notions coincide. 


Theorem 4.23 Let X = H/T x and let f : X > X be a quasiconformal map. 
The following are equivalent. 
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1. There is a lift of f to a map H — H that extends to the identity on R. 
2. The map f is homotopic to the identity rel ideal boundary. 


3. The map f is isotopic to the identity rel ideal boundary, through uniformly 
quasiconformal maps. 


See [EaM]. 

A Riemann surface marked by X is a pair (Y, g) where g : X — Y is a quasi- 
conformal map. Two marked Riemann surfaces (Y, g) and (Z,h) are equivalent 
if there is a conformal isomorphism a: Y — Z such that 


f=hloa0g:X >X 


is isotopic to the identity rel ideal boundary. (Of course any of the other condi- 
tions above give the same definition). 

The Teichmüller space of X is the space of equivalence classes of Riemann 
surfaces (Y,g) marked by X. 
Example: universal Teichmüller space. The case where T x is the trivial 
group, and X = Hj is called universal Teichmüller space. In this case we have 


Teich(H) = QS(R)/ PSL2(R), 


where QS(R) is the group of quasi-symmetric maps g : R — R. These are exactly 
the homeomorphisms of R that arise as boundary values of quasiconformal maps. 
Quasifuchsian groups and univalent maps. Fix a model X = H/Tx 
for the universal cover of X. The Bers embedding of Teich(X) is based on a 
construction that canonically associates to any (Y, g) € Teich(X): 


e A Kleinian group Iy acting on the Riemann sphere; and 


e A quasiconformal map F : C C, fixing {0,1,00} and conjugating I to 
Ty; such that 


e F is conformal in (—H), Y = F(H)/Ty and X* = F(—H)/Ty. 


Because of the last property, the group Ty is said to simultaneously uniformize 
X* and Y. 

The construction is the following. Let g : X — Y be a Riemann surface 
marked by X. Let u = p(g), lifted to H and extended to (—H) by 0. Let 
F : Č + C be the normalized solution to the Beltrami equation WF) = p. 
Since pu is I x-invariant, we have u(F oy) = u(F) for all y € Tx. But the solu- 
tion to the Beltrami equation is unique up to post-composition with a Mobius 
transformation, so there is an isomorphism 


p:Tx 3Tyc AutG 


such that 
Foy=p(y)oF 
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for ally € Tx. 
Thus F conjugates l x to Ty, and by construction F is conformal in (—H). 
Since F intertwines [x and Ty, the Schwarzian derivative dy = SF'|(—H) 
is [x-invariant. Since F is univalent, we have dy € P(X*); in fact ||ġy || < 3/2. 
The map £ : (Y,g) > dy gives the Bers embedding 


b : Teich(X) > P(X“). 


Image of Bers embedding. Let us write S(X*) C P(X*) for the set of T x- 
invariant Schwarzians of univalent (schlicht) maps, and T(X*) for the image of 
Bers embedding. Then we have 


T(X*) c S(X*) c P(X*). 


In fact, T(X*) is exactly the set of Schwarzians of univalent maps to quasidisks. 
By the Ahlfors-Weill extension, the ball of radius 1/2 is contained in T(X*). 
With similar reasoning, one can also show that T(X*) is open. Thus the Bers 
embedding provides a model for T(X*) as a complex manifold, in facts as a 
bounded domain in a complex Banach space with 


B(1/2) c T(X*) c B(3/2). 


Role of the Ahlfors-Weill extension. If Y is close enough to X that ||¢y|| < 
1/2, then we can extend F'|(—H) to H using the Ahlfors-Weill construction. The 
result is a canonical quasiconformal map gy : X — Y, characterized by having 
a harmonic Beltrami coefficient 


ulg) = p*dy (2). 


Notice that u(gy) E€ M(X) is a holomorphic function of Y, since it is a holo- 
morphic function of y (for each fixed z). In other words, the Ahlfors-Weill 
extension provides a holomorphic Teich(X) --+ M(X) defined near X and lift- 
ing the natural holomorphic projection M(X) — Teich(X). 

Finite sets on the sphere. The Teichmüller space To,n of a sphere with n > 3 
punctures has an alternative and very simple complex model: we have 


Ton/Gn = {z E C= : Zi £ Zj £ 0, 1,00 Vi, j}, 


where Gn is the pure mapping-class group of n points on the sphere (the pure 
braid group modulo its center). This group acts without fixed-points by au- 
tomorphism of To n, so Teichmüller space arises as the universal cover of the 
complement of suitable hyperplanes in C”~3, 

The complex structure on To,n derived from C”~3 agrees with that coming 
from the Bers embedding. To see this consider a Beltrami differential u on 
X =C- E. Then the solution to the Beltrami equation at any point, f,,(z), is 
holomorphic in p; thus Y = C= fa (E) is the complement of a holomorphically 
moving finite set. At the same time, pulling u back to —H, the quadratic 
differential gy = SF, is a holomorphic function of u as well. In other words, 
the pair of maps M(X),; > C"~3 and M(X) > To,n are both holomorphic 
submersions, so the transition between them is also holomorphic. 
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4.13 Conjectures on the Bers embedding 


In general one hopes to show that all Kleinian groups are limits of geometrically 
finite ones. A precise conjecture in this direction for quasifuchsian groups was 
made by Bers. 


Conjecture 4.24 For all finite-volume hyperbolic surfaces X, we have T(X) = 
S(X). 


K. Bromberg has recently announced a proof of this central conjecture. 

This conjecture can also be formulated for other Riemann surfaces, including 
the unit disk. 

It is false for universal Teichmüller space. Let_us say a compact quasiarc 
Q C Cis incorrigible if the Hausdorff limits of Aut(C)-Q in the space of compact 
subsets of C include no circle. Then we have [Th]: 


Theorem 4.25 (Thurston) There exist isolated points in S(A). In fact, the 
Riemann mapping f : A > C — Q is isolated in S(A) for any incorrigible 
quasiarc Q. 


Such quasiarcs Q are also called zippers, because they lock two sides of the 
plane together. The ‘Bers density conjecture’ can be formulated as saying there 
are no group-invariant zippers, at least for finitely-generated nonelementary 
Kleinian groups. 


4.14 Quadratic differentials and interval exchanges 


Let q € Q(X) be a holomorphic quadratic differential on a compact Riemann 
surface X. In local coordinates where q = dz’, we have a foliation by vertical 
lines together with a transverse invariant measure |dz|. These objects patch 
together to yield a measured vertical foliation F(q) on X. The corresponding 
horizontal foliation is F(—q). 

Intrinsically, the tangent space to the vertical F(q) is given by the vectors v € 
TX such that q(v, v) < 0. If q = w? happens to be the square of a holomorphic 
1-form, then F(q) is defined by the closed harmonic form p = Re(w). That is, 
TF = Ker p and | J, p| = (J) gives the transverse measure. 

In this section we discuss the dynamics of the foliation F. In other words, we 
discuss the asymptotic distribution of very long leaves of F. The usual ergodic 
theorems apply to the undirected ‘flow’ along the leaves of F. Indeed, after 
passing to a branched double cover of (X,q) we can assume q = w?, in which 
case the leaves are coherently oriented by Imw and we obtain a flow in the usual 
sense. 

See [MT] for more details. 


Cylinders and saddle connections. A saddle connection is a leaf of F joining 
a pair of its zeros. A cylinder is an open annulus C C X foliated by closed leaves 
of F. So long as X is not a torus, it carries a canonical collection of disjoint 
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maximal cylinders C; whose boundaries are unions of saddle connections. The 
locus LJ C; coincides with the union of the (smooth) closed leaves of F. 

The foliation F is aperiodic if it has no cylinders. It is minimal if every leaf 
disjoint from the zeros of q is dense. 


Interval exchange. The first return map f : I —> I to any transversal arc 
to the vertical foliation F (often taken to be an interval along the horizontal 
foliation) is an interval exchange transformation: there is a partition I = U I; 
into disjoint subintervals such that f(x) = «x + t; on Ij. 

Here the metric |q| is used to identify J with an interval in R. The discon- 
tinuities of f come from the zeros of q and the endpoints of J. Note that there 
are only finitely many vertical arcs the start on J and terminate on a zero of q 
without meeting any other zeros en route. It is useful to choose a convention 
for continuing the flow past such points, e.g. by always turning to the right, to 
make f well-defined even at the endpoints of the intervals J;. 

The map f is aperiodic if it has no periodic points, and minimal if every 
orbit is dense. A transversal is full if it meets every leaf of F; in this case it 
inherits aperiodicity and minimality from F. 


Invariant measures. By definition, f preserves Lebesgue measure dz|I. It 
may however have other invariant measures v. These correspond to other trans- 
verse invariant measures for F. If v has full support and no atoms, we can inte- 
grate it to obtain a topological conjugacy from f to another interval exchange 
g, such that nu becomes dz. 


Lack of mixing. 


Theorem 4.26 An interval exchange is never mixing. 


Proof. Let f : I — I be an interval exchange with n subintervals. We may 
assume f is aperiodic, otherwise it is clearly not mixing. 

Let J C I be a subinterval; then the first return map gives an induced 
interval exchange f™ : J; > J, UJ; = J. Since the discontinuities of the 
first return map come from the endpoints of J and the discontinuities of f, the 
induced map has at most n + 2 subintervals. 

Note that I is partitioned into intervals of the form J™ = f™(J;). 

Repeat the process by taking the first return map to each J;. The result is 
an interval exchange f" : Ji; —> Ji, where again j takes on at most (n + 2) 
values. 

Now the key point is that we have 


T (J) C Ji”, 


which implies 
JP c| JTI). 


Note that there are at most (n +2) terms on the right. Since preimages respect 
set operations, if A is any set that is a union of interval of the form J;”, we have 


Ac\|Jr-™#(A). 
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But this implies 
w(ANT-"9(A)) > u(A)/(n + 2)? (4.2) 
for some ij. 

Now let B C I be an interval of length e. Then if we have mixing, there is 
an N such that p(BNT~"(B)) ~ 2 « p(B)/(n + 2)? for all n > N. Choose 
J such that all nj; > N, and so that the union A of the intervals Jj” C B has 
measure at least €/2. Then we obtain a contradiction to the frequent return 
guaranteed by (4.2). E 


Corollary 4.27 The geodesic flow for (X,q), even restricted to geodesics of a 
fixed slope, is never mixing. 


Theorem 4.28 An aperiodic interval exchange f : I > I with n subintervals 
has at most n ergodic invariant probability measures. 


Proof. An invariant measure ju is determined by pu(J;), and the ergodic invariant 
measures map to linearly independent vectors v;(J;) in R”. E 


4.15 Unique ergodicitiy for quadratic differentials 


Unique ergodicity. Let (X,q) be a Riemann of finite type equipped with a 
holomorphic quadratic differential with f |q| = 1. Let F(q) denote the vertical 
foliation of q and let (Xz, q+), t > 0 be the Teichmüller ray generated by shrinking 
the leaves of F(q). 

In this section we will establish: 


Theorem 4.29 (Masur) If X; is recurrent in Mg n, then F(q) is uniquely 
ergodic. 


Limit sets. We begin with a simple lemma from ergodic theory. Let X and Y 
be a compact metric spaces equipped with complete probability measures, and 
let 
fna: X >Y 
be a sequence of measure-preserving maps, (at least Borel measurable). 
Let w(x) C Y denote the points of the form y = lim f”* (x), and let w(E) = 


LJ eta): 

Lemma 4.30 We have m(w(E)) > m(E). 

Proof. It suffices to show w(E) meets any closed set B C Y with m(B) > 
m(Y — E). To see this, let By = Uns ny fa (B); then we have By D Byy1 and 
m(N Bn) > m(fx'(B)) = m(B), so m(N By) > m(B) > m(X — E). Hence 
there is an z € EN() By; but this means f”(x) € B for arbitrarily large n and 
hence w(x) meets B by compactness of B. E 
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Note. The set w(E) is the projection to X of the Borel set 


E' = { (x,y) : Yn > 0am > 0 : d(f”(x),y) < 1/n}) CE xX. 





The projection of a Borel set is not always Borel, but it is measurable for 
any complete measure. The proof of the density of w(E) does not rely on its 
measurability. 


The pseudo-Anosov case. Next, to clarify the issues in the proof, we will 
show: 


Theorem 4.31 The invariant foliation F(q) of a pseudo-Anosov mapping f : 
X — X adapted to q is ergodic. 


(In fact it is uniquely ergodic, but we will see this later.) 

To set up the proof: for any continuous function h € C(X) and any x € 
X, we can average the values of h along long leaves of F(q) through «. If 
these averages converge (for leaves in both directions through x), they define a 
probability measure vz on X. 

By the ergodic theorem, there is a set of full measure E C X such that vz 
exists for all z € E. In fact, for almost every x and f € C(X) we have 


[f= Flo) 


where F is the projection of f to the subspace of L?(X,|q|) consisting of func- 
tions that are constant on the leaves of F(q). 
Given an infinite set S = {n1 < no <---} CN, we let 


lim f (x)= lim f(x) 


= k= 

if the limit exists. For any measurable set A C X, we let limg(A) denote the 
set of possible values of lims f” (x), « € A. Clearly if T C S then limr(A) > 
lims(A). 


Lemma 4.32 If x,y € E and limy f” (x) and limr f”(y) both belong to the 


interior of the same rectangle R on (X,|q|), then vz = vy. 


Proof. Consider the preimages Rn = f~"(R) for n € S. The preimage contains 
both z and y, and it almost coincides with a leaf L of F(q) — it is very long 
and narrow. Thus for any f € C(X), the average of f over Rp is very close to 
its average along a long leaf through x and its average along a long leaf through 
y. Consequently Ve = Vy. a 


Repeated application of the ergodic theory result above gives: 


Lemma 4.33 There exists an S such that lims(E) is dense. Thus for every 
rectangle R there exists a vr such that lims R,/|R| = vr. Finally, if R and R' 
meet in their interior, then vp = vp. Consequently vr is independent of R. 
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Corollary 4.34 There is a single measure v such that vz = v whenever T CS 
and limp (x) is not a zero of q. 


Proof of Theorem 4.31. Consider any subset A C E with m(E) > 0. By the 
ergodic theory lemma, m(w(A, S)) > m(A) > 0, so there exists a T C S and an 
x € A such that limy(z) is not a zero of q. But then vs = v. Thus vy = v for 
almost every x € E, which implies F is ergodic. a 


Recurrence. For the proof of Masur’s theorem we will use a more direct under- 
standing of recurrence. Let (X+, q+) be the Teichmüller geodesic ray generated 
by (Xo, qo and let F = F(qo) as a measured folation. 


Theorem 4.35 The Teichmüller ray is recurrent in Mgn iff 


lim sup in fse*i(S, cF) +e *|S| > 0. 
too 

Here |S| is any measure of the combinatorial complexity of S; for example, 
it can be the length of S with respect to a fixed metric on X, or the size of the 
weights for S on one of finitely many train tracks. 
Proof. The length of S in the metric |q| on X+ is a lower bound for its 
extremal length. If go corresponds to the pair of measured foliations (F,G), 
then q corresponds to (e’F,e~*G), and so 


L(S, lal) x ei(s, F) oe e“i(S, G). 


For t > 0 the second term doesn’t change much if we add i(S, F), and then the 
second term is comparable to |S|. So if the limsup condition above holds, then 
the extremal length of simple closed curves are bounded below for a sequence 
tn —> œ, which means X; is recurrent. 

Conversely, if X, is recurrent, then it returns infinitely often to a compact 
subset K of Mg,n. Now for all X € K, q € Q(X) of norm 1, and for all simple 
closed curves S, there is a uniform lower bound to L(S,|q|). Thus the limsup 
condition holds. E 


Corollary 4.36 Recurrence of Xt depends only on F. 


Corollary 4.37 If the ray generated by F is recurrent, and F' > F (in the 
sense that the transverse measure is larger), then it ray generated by F' is also 
recurrent. 


Now if F is not uniquely ergodic, then there exists an F’ > F which is not 
ergodic. Recurrence for F implies recurrence for F’. Because of this, to prove 
Masur’s theorem, it suffices to show: 


Theorem 4.38 If F generates a recurrent geodesic, then F is ergodic. 


66 


AMS Open Math Notes: Works in Progress; Reference # OMN:201701.110673; 2017-01-22 14:33:49 


Proof. Choose points along this geodesic with (Xn, qn) > (Y,q). Then for all 
n >> 0 we can construct smooth maps in : Y + Xn, sending |qn| to |g|, such 
that i* (qn) converges uniformly to q on compact subsets of Y — Z(q). We can 
the compose the Teichmüller map Xo + Xn with i}! to get measure-preserving 
maps fn : Xo ~ Y. The same reasoning we used for pseudo-Anosov maps now 
applies, with fn replacing f”. a 


The argument actually shows the following stronger result. 


Theorem 4.39 Suppose (X+, q+) accumulates in QM,» on a form (Y,q) with 
fial = [lao]. Then the number of ergodic components of qo is at most the 
number of components of the support of q. 


Corollary 4.40 If q has connected support, then qo is ergodic. 


The property required of (Y,q) here is not preserved in we replace F with 
an F' > F, as the Veech examples show. In these examles, F carries two 
ergodic measures, say v and u. The geodesic generated by v and by v + u both 
accumulate on Y = EF; A E2, a pair of tori joined at a single node. And in both 
cases there is no loss of mass in going to the limit. But for v the limit lives only 
on E, while for v + p it lives on both. 


4.16 Hodge theory 
Real multiplication in higher genus. [Mo], [Sch]. 


Theorem 4.41 Let V C Mọ be a Teichmüller curve generated by (X,w), where 
the trace field K of SL(X,w) has degree g over Q. Then Jac(X) admits real 
multiplication by K with w as an eigenform. 


Proof. We will use a basic fact about variations of Hodge structures: if o = 
>> a? is a flat section of a Hodge bundle (over a quasiprojective base such as 
V), then its components g”41 are also flat. (See e.g. Schmid, Invent. math., 
1973). 

Let H — V be the Hodge bundle whose fiber over t is H!(X;,Z) Q C. Let 
Ho be the fiber over a basepoint t = 0. Then under the action of 7(V), the 
space Ho decomposes into 2-dimensional irreducible subspaces 


Hy = 51 O- @ Sz, 


where S; is spanned by w and W. The full commutant of 71(V) is the abelian 
algebra C9 acting diagonally and preserving each Si. 

Let P : Ho —> Ho be projection onto $;. Since Py commutes with the 
action of 71(V), it extends to a flat section P of the (weight zero) Hodge bundle 
Hom(H,H). By Schmid’s theorem, the Hodge components P* of P are also 
flat. Thus P? = P|Ho commutes with 71(V), and hence it is diagonal. But 
P-' maps H1? into H®™!, so it is ” off-diagonal”; for example, its square is 
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zero. Consequently P~!+ = P!-! = 0, and thus P = P®°. This implies 
that P preserves H'°, and therefore each subspace S; decomposes as a direct 
sum S$)? @ 8°. Thus Jac(Xo) admits real multiplication by the trace field of 
SL(X, w). E 


5 Dynamics of rational maps 


This chapter develops the basic picture of the dynamics of a single rational map, 
and the Teichmüller theory of deformations of its deformations. 


5.1 Dynamical applications of the hyperbolic metric 


All rational maps will be of degree d > 1. 


Exceptional points. A set E C C is exceptional if E is finite and JHE) cE. 
A single point z is exceptional if it belongs to an exceptional set; equivalently, 
if its inverse orbit LJ f7” (z) is finite. 


Theorem 5.1 Any rational map f has a maximal exceptional E, |E| < 2 and 
EnJ(f) =ð. 


Proof. Consider any exceptional set Æ. Then f maps X = C-E into itself, so 
x(X) < deg(f)x(X) by Riemann-Hurwitz. Therefore x(X) = 2 — |E| > 0, and 
|E| < 2. Thus the number of exceptional points is at most two, and the union 
of all exceptional points gives the maximal exceptional set. 

Since every z € C has d preimages counted with multiplicity, any z € E isa 
critical value, and therefore E consists of superattracting cycles. In particular 
E is disjoint from the Julia set. a 


Since J(f) is totally invariant we have: 
Corollary 5.2 The Julia set is infinite. 
Examples. The maximal exceptional set is E = {0,00} for f(z) = zł, and 
E = {oo} if f(z) is a polynomial not conjugate to zł. These rational maps 
represent all the cases where E 4 0 (up to conjugacy). 
Attractors and critical points. We next use the Schwarz lemma to demon- 
strate a close connection between critical points and attractors of f. In particu- 
lar we shall see all but finitely many cycles of a rational map are repelling. (On 
the other hand, it is known that smooth dynamical systems — even polynomial 
maps in dimension two — can have infinitely many attracting cycles.) 


Theorem 5.3 A rational map of degree d has 2d — 2 critical points, counted 
with multiplicity. 
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Proof. (1) (Riemann-Hurwitz): Letting N be the number of branch points 
counted with multiplicity. We have x(C) = deg(f) - x(C) —N,so N = 2d — 2. 

(2) Write f(z) = P(z)/Q(z) with deg P = deg Q = d (after a generic conju- 
gation). Then the critical points are zeros of PQ’ — P’Q. The leading terms of 
this polynomial cancel, resulting in a polynomial of degree 2d — 2. 

(3) Let V be a holomorphic vector field on C; then V has 2 zeros and no 
poles. Now consider f*(V): it has zeros at the 2d preimages of these zeros, and 
poles at the critical points of f. Since the number of zeros minus the number 
of poles of f*(V) is still two, we have 2 = 2d — |C(f)|. E 


Theorem 5.4 Every attracting periodic cycle of f attracts a critical point. 


Proof 1. Let U C C be the open set of points attracted to a given cycle. 
Since J(f) is infinite and disjoint from U, the set U is hyperbolic. If U contains 
no critical point, then f : U — U is a covering map, hence an isometry for the 
hyperbolic metric. But then | f’|y = 1, contrary to the existence of an attracting 
cycle. 


Proof 2. For a superattracting cycle the result is immediate. Otherwise f acts 
on the immediate basin U of the cycle by a proper local homeomorphism, hence 
a covering map. Clearly U/f is a torus, so U is a covering space of a torus. But 
then U is isomorphic to C or C*, and these possibilities are easily ruled out. W 


Corollary 5.5 The number of attracting cycles is at most 2 deg(f) — 2. 


Example. A quadratic polynomial fe(z) = z? + c has at most one attracting 
cycle in the complex plane, and this cycle can be located by iterating fe on 
z=0. 


Corollary 5.6 A rational map f of degree d has at most 4d — 4 non-repelling 
cycles. 


Proof. Consider the holomorphic family of maps f;(z) = (1 — t)f(z) + tz%, 
t € C. By transversality, any periodic point of multiplier A 4 1 can be locally 
labeled (near t = 0) by a holomorphic function p;, with f? (pt) = pz. In the case 
of a multiple periodic point (multiplier 1), the same is true after making a base 
change by t > t”. 

Now consider the multiplier ( f”) (p+) = Az as t varies, and assume po is 
indifferent. Since z +> z? has no indifferent cycle, A; is nonconstant. The set of 
directions t € S! such that |Ag| < 1 (and thus p; becomes an attractor for fet) 
has measure 1/2. 

Applying the same reasoning the any collection of N indifferent cycles, we 
conclude there is some direction t such that N/2 of them become attracting 
for fe. Under this perturbation, the attracting cycles for fo remain attracting. 
Since fe has at most 2d — 2 attracting cycles, we find: 


(attracting) + (indifferent) /2 < 2d — 2, 
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so at most 4d — 4 cycles of fo are not repelling. a 


Remarks. It is easy to construct maps of a fixed degree where the period of 
one or more attracting cycles is very long. For example, there are Cn —> —2 such 
that the critical point of f(z) = 2? + cn has period n. 


5.2 Basic properties of the Julia set. 

Theorem 5.7 Let J(f) be the Julia set of a rational map. Then: 
1. Repelling periodic points are dense in J(f). 
2. The inverse orbit of every point in J(f) is dense in J(f). 


3. More generally, the inverse orbit of z € © accumulates on J(f) unless z 
is exceptional. 


4. If an open set U meets J(f), then J(f) C f"(U) for some n. 


5. The Julia set is perfect: it has no isolated points. 


Proof. For (1), consider p € J(f). By replacing p by a point in its inverse 
orbit, we can assume p is neither a fixed-point nor a critical value of f. On any 
small neighborhood U of p we can find maps gi : U —> C with disjoint graphs, 
i = 1,2,3, such that gi(z) = z, and f(gi(z)) = z for i = 2,3. 

If f"(z) = gi(z) for some n > 0 and z € U, then either f"(z) = z or 
f”! (z) = z, and thus p is approximated by a periodic point. Otherwise the 
sequence of functions 


f"(z)-m(z) g3(Z) — ga(z) 


omits {0,1,co}, and is hence normal on U by Montel’s theorem. But then 
(f"|U) is normal, contradicting the definition of J(f). 

This shows p is a limit of periodic points of f; and all but 4d — 4 of these 
are repelling. Once p is so approximated, so is any point in the forward orbit of 
p, and thus J(f) is the closure of the repelling periodic points of f. 

(2): For p € J(f) consider any 3 points 21, 22, 23 in the inverse orbit of p. 
Let U be an open set meeting J(f). Since (f"|U) is not a normal family, it 
cannot omit all 3 values { 21, z2, z3}, and thus f"(z) = z for some z € U. Thus 
the inverse orbit of p enters U. 

The same argument applies to any point p with an infinite inverse orbit, 
yielding (3). 

(4): By (1), U contains a repelling periodic point, so after shrinking U and 
replacing f with f” we can assume U C f(U). Then f"(U) is an increasing 
sequence of open sets, and by (3) any non-exceptional point is eventually covered 
by f”(U). Since the exceptional points do not belong to J(f), by compactness 
we have J(f) c f"(U) for some finite n. 


-1 
hn(z) ) = M,0 f” 
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(5): If J(f) has an isolated point, then by (4) J(f) is a finite set. Since 
f-'(J(f)) = J(f), the Julia set must consist of exceptional points, which implies 
J(f) =Ø. But deg( f”) — co, so the iterates of f cannot form a normal family 
on the whole sphere. | 


Corollary 5.8 The Julia set is the smallest totally invariant closed set on the 
sphere such that |J(f)| > 3. 


Remarks. 


1. To apply the Schwarz lemma to a rational map, we want to find a hyper- 
bolic open set Q C C such that f(Q) c Q. Then F = C — Q is a closed, 
backward invariant set with |F| > 3. By Corollary 5.8, the Fatou set Q(f) 
is the largest hyperbolic open set which is mapped into itself. 


2. The argument to prove (1) in Theorem 5.7 illustrates a useful generaliza- 
tion of Montel’s theorem: for any bundle of hyperbolic Riemann surfaces 
E — U, the space of all holomorphic sections s : U — E is normal. In the 
case at hand, the bundle has fibers E, = C — {g1(z), g2(z), 93(z)}.- 


3. The density of periodic cycles in the ‘chaotic locus’ is not known for a 
generic C? diffeomorphism of a manifold. Thus the density of periodic 
cycles in J(f) is one of many indications that one-dimensional complex 
dynamical systems are better behaved than higher-dimensional smooth 
dynamical systems. (For C! diffeomorphisms, the generic density of peri- 
odic cycles in the non-wandering set is known by Pugh’s ‘closing lemma’ 
[Pul). 


4. Property (4) is sometimes called LEO (locally eventually onto). 


5.3 Univalent maps 


We now introduce another very useful tool. Let S be the set of all univalent 
analytic maps 
f: AC, 


normalized so that f(0) = 0 and f’(0) = 1. We give S the topology of uniform 
convergence on compact sets. 


Theorem 5.9 (Koebe distortion theorem) The space of normalized univa- 
lent maps S is compact. 


Proof. By the Schwarz Lemma, f(A) cannot contain B(0,r) for any r > 1. So 


given a sequence fn E€ S, we can find a sequence of points an, bn ¢ fn(A) with 
|an| = 1 and |bn| = 2. Letting An(z) = (z — an )/ (bn — an), we see 


Ano fn: A >C- {0,1}. 
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By Montel’s theorem, we can pass to a subsequence converging on the disk. 
Along a further subsequence we have a, — a and b, —> b with a Æ b, so 
An > A. Then A, o fn > Ao f for some f € S, and thus fn > f. | 


Corollary 5.10 Writing f(z) = SP anz”, we have |an| < Cn for universal 
constants Cn. 


In fact we can take C, = n; this is the Bieberbach conjecture, proved by de- 
Branges. 


Corollary 5.11 There is an r > 0 such that f(A) D B(0,r) for any f E€ S. 
In fact we can take r = 1/4; this is the Koebe 1/4 theorem. 


Corollary 5.12 If f : B(z,r) > C is univalent on a ball, then f has bounded 
distortion on the smaller ball B(z,r/2). That is, all ratios of distance are dis- 
torted by a bounded factor; f is a quasi-similarity. 


Keep in mind that the Riemann mapping theorem allows a conformal map 
to send A to an arbitrarily wild region. The point of the Corollary is that a 
small baller has a controlled image. The yolk of the egg stays good. 


5.4 Periodic points 


Before analyzing the global dynamics of a rational map, we discuss the local 
dynamics of a holomorphic map near one of its fixed-points. Let f be an analytic 
mapping fixing z = 0, with multiplier A = f’(0). We distinguish several cases, 
depending on the multiplier. 

Attracting case: 0 < |A| < 1. 


Theorem 5.13 (Linearization) There is a holomorphic chart ¢ : (U,0) > 
(C,0) such f(w) = Aw where w = d(z). 


Proof 1. Let B(0,s) be a small enough ball that |f(z)| < r|z| < |z| for all 
z € B(O,s) — {0}. Then |z,| = |f"(z)| = O(r”). Defining ¢,(z) = A7” f” (z), 
we have = 5 
bn4i(z) = A f (Zn) = Zn + O(2n) ai + O(r). 
gn (z) Zn Zn 

Since X` r” < œ, ¢n(z) converges uniformly to a nonzero holomorphic map 
@: (U, 0) — (C, 0). Since ¢’(0) = lim dj, (0) = 1, the map ¢ is a chart on a small 
enough neighborhood of z = 0. 

Proof 2. Consider the annulus A = B(0,s) — f(B(0,s)) for s small. Then 
X = A/f is a Riemann surface, indeed a complex torus. The subgroup of 
m1(X) corresponding to f determines a cyclic covering space of X isomorphic 
to C*. Uniformization of this covering space gives the linearizing map. a 
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Superattracting case: A = 0. 


Theorem 5.14 Suppose f(z) = z24+O(z7*1), d>1. Then there is a holomor- 
phic chart ¢ : (U,0) > (C,0) such f(w) = wł, where w = ¢(z). 
Proof. For z small enough we have 


1 
lenl = Lf") S sae. 


Let dn(z) = (f"(z))'/%", where the d"-th root is chosen so that ¢/,(0) = 1. 


Then 

Sus) (Hea) a Ola)" =140(2") = 1402") 
Since > 274" converges (very rapidly!), n converges uniformly to the desired 
chart ¢. a 


Parabolic case: A = 1. Assuming f is not the identity, we can make a linear 
change of coordinates so that 


f(z) =z + 2t + O(2?*?), 


p > 1. The behavior of f is controlled by the leading term in f(z) — z. 
Indeed, the dynamics of f is nicely modeled by the holomorphic vector field 


V=2? nô, 
z 
For p = 1, V is an infinitesimal parabolic Möbius transformation, and its orbits 
are circles tangent to the real axis at z = 0. Every orbit converges to z = 0, 
although those near the real axis make a long excursion away from z = 0 before 
returning to converge. 
For p > 1, the picture is just a p-fold cover of the parabolic picture. 


Theorem 5.15 (Leau-Fatou flower theorem) For p= 1, there is a petal U 
tangent to the positive real axis such that f(U) C U and f"(z) > 0 uniformly 
on compact subsets of U. The quotient Riemann surface U/f is isomorphic to 
Ce 

For p > 1 there are p such petals, Uy,...,Up, each invariant under f and 
tangent to the lines arg(z) = 27k/p, k =1,2,...,p. We have U;/f = C*. 


Proof. First suppose p = 1. The discussion is mostly easily carried out by 
moving the fixed-point to infinity with the coordinate change w = —1/z. Then 


f(w) =w+1+0(1/w), 
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Figure 14. One and several petals 


from which we see f"(w) = w +n + O(logn) if Rew > 0. It follows that the 
basin of attraction of w = co contains the half-plane H = {w : Rew > R} for 
some large R. By considering the action of f on the edges of the strip H — f (H), 
we see that H/f = C*. 

Now if Rew is less than R, we can still insure that the orbit of w enters H so 
long as | Im w| is large enough and a gradual drift towards w = 0 coming from the 
O(1/w) terms is controlled. If w = «+ iy, it will take approximately n = R— x 
iterations to reach H, and the potential vertical drift is O(log n) = O(log(2+|z), 
so we set 

U = {w= zx+iy : x> R or |y| > Clog(2+ |z|)}. 


Then f(U) C U and f”(w) —> oo in U as desired. Since the slope of the 
boundary of U tends to zero as x — —o0, in the z-coordinate U is tangent to 
the positive real axis. 
The case of p > 1 is similar. It is useful to make the coordinate change 
w = —1/2?; then f is a multivalued map, spread out over the w-plane, with the 
form 
f(w) =w+1+O0(w7!/?). 


Parabolic case: A? = 1. If the multiplier is a primitive qth root of unity, then 
one can conjugate f to the form f(z) = Az +0O(z1t!) by a holomorphic change 
of coordinates. Thus f(z) = z + O(z%*") has at least q petals. Generically 
there are exactly q, but in general there may be p = kq altogether. These petals 
fall into k orbits under the action of f. 


Corollary 5.16 Every cycle of parabolic petals contains a critical point of f. 


Proof. Otherwise f : U — U is a covering map. But from the local picture we 
see U/f = C*. Thus U & C* or C, and neither of these spaces can embed in 
the complement of the Julia set. E 
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The snail lemma. For later use we record the following criterion for a fixed- 
point to be parabolic. 


Theorem 5.17 Let f have an indifferent fixed-point at z = 0, and suppose 
there is a domain U C C with f(U) CU and f"(z) > 0 uniformly on compact 
subsets of U. Then f’(0) =1. 


Intuitively, if f’(0) Æ 1, then U must wind around 0, like a snail shell; 
then a short cross-cut for U forms a disk mapping properly into itself, showing 
IFO] < 1. 

Proof. We can assume f is univalent on A. Let B C U be a ball and let K C U 
be a compact connected set containing B and f (B). Since f” > 0 uniformly on 
K, we can assume f”(K) C A for all n, and thus f”|K is univalent for all n. 

Suppose the multiplier \ = f’(0) # 1. Then d(f”(K),0) = O(diam f” (K)), 
for otherwise f"(K) would not be big enough to join f”(B) to f"t!(B) ~ 
Af” (B). By the Koebe distortion theorem, we also have d(f”(B),0) = O(diam f”(B)). 

Thus the visual size of f"(B) as seen from z = 0 is bounded below. But 
then there is a universal N such that 


(X (F”(B)) : i=1,..., N) 
forms a necklace encircling z = 0. Once f”(B) is close enough to zero, f(z) =% 
Az, and therefore 
(EE By :i=1,... N) 
also encircles z = 0. The union of these balls is in U, so there is a loop L C U 
encircling zero. Since f”|L — 0 uniformly, the maximum principle implies that 
f” — 0 uniformly on the disk enclosed by L. Therefore | f’(0)| < 1, contrary to 


our assumption of indifference. 
Therefore f’(0) = 1. E 


Irrationally indifferent case: A = exp(27i0), 0 E€ R — Q. 

First we remark that f may not be linearizable. This is not surprising since 
a parabolic point is not linearizable (unless f has finite order), so a nearly 
parabolic point should not be either. More concretely we have: 


Theorem 5.18 There is a dense Gs of multipliers A € S! such that f(z) = 
Az +2? cannot be linearized near z = 0. 


Proof. Note that 


f"(z) — z= (A® — zt azz? +- Hz”. 





Thus the product of the nonzero roots of f"(z) = z is A” — 1, and therefore f 
has a periodic point pn with 


lpn] < JA” — 1]1/2" = rn. 


The set of A such that lim inf rn = 0 is a dense Gs on S! (containing the roots 
of unity), and for any such A there are periodic points pn, — 0, so f is not 
linearizable. E 
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Theorem 5.19 There is a full-measure set of multipliers A € St such that 
f(z) =Az4+ 2? can be linearized near z = 0. 


Proof. Let fà = Az + 27, let Uy = {z : f(z) > 0}. For A € A*, let 
@, : Ux > C be the linearizing map, normalized so that ¢\(0) = 1. Finally, 
noting that the critical value of fy is at —\?/2, set 


Ry = oy(—?/2). 


Next note that ¢;+ admits a univalent branch defined on B(0,|R,|). By the 
Koebe 1/4 theorem, this means U) D B(0,|R,|/4). But Uy is bounded, so Ry 
is a bounded analytic function on A* (and indeed on A, since the singularity 
at z = 0 is removable). 

By a general result, from complex analysis, R) has nonzero radial limits at 
almost every \ € S1. Thus for almost every À € S', there is a ball of positive 
radius B(0,|R,|/4) contained in the Fatou set of fy. 

Thus the component U of Q(f)) containing z = 0 is a nonempty disk, and 
f : U > U satisfies |f’(0)| = 1. By the Schwarz lemma, f is an isometry in 
the hyperbolic metric, the Riemann mapping (U,0) —> (A,0) conjugates f to a 
rotation. E 


The above argument is from [Y, §II.2]. 


Conditions of Diophantus and Brjuno. Here is a more precise statement 
about linearizing irrational multipliers. An irrational number 0 is Diophantine 
if there exist C, d > 0 such that 
p = a > n 
q q 

for all rationals p/q. Almost every number is Diophantine, and Siegel showed 
any holomorphic germ of the form f(z) = e? z + O(z?) with 0 Diophantine is 
linearizable. 

It is known that the set of 0 for which f(z) = e27%z + 2? is linearizable is 
exactly those satisfying the Brjuno condition: 


y log qn+1 <, 


dn 


where Pn/qn are the continued fraction approximants of 0. See [Y] for details. 


5.5 Classification of periodic regions 


Theorem 5.20 (Classification of stable regions) A component Qo of pe- 
riod p in the Fatou set of a rational map f is of exactly one of the following five 
types: 
1. An attractive basin: there is a point xo in Qo, fixed by fP, with O < 
\(f?)'(ao)| < 1, attracting all points of Qo under iteration of fP. 
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2. A superattractive basin: as above, but xo is a critical point of fP, so 


(f?)'(wo) = 0. 


3. A parabolic basin: there is a point x9 in OQo with (fP) (xo) = 1, attracting 
all points of Qo. 


4. A Siegel disk: Qo is conformally isomorphic to the unit disk, and f? acts 
by an irrational rotation. 


5. A Herman ring: Qo is isomorphic to an annulus, and fP acts again by an 
irrational rotation. 


\text{These have fundamental domains} 


D 


\text{attractive basin} \text{parabolic basin} 


\text{superattractive basin} 


\text{Siegel disk} 


\text{Herman ring} 


DIE 


\text{These have dynamically defined foliations} 





Figure 15. The five types of stable regions. 


Proof. Replacing f with fP, we can assume f maps Qo to itself. Then f is 
non-expanding for the hyperbolic metric on Qo (which we denote by d(-)); that 
is, d( fx, fy) < d(x,y) for all x,y € Qo. 

Consider an arbitrary z € Qo and its forward orbit zn = f”(z). Then 
d(Zn41, Zi) < d(z, zo). 
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If zn —> oo (meaning the orbit leaves every compact set of Qo), then da(Zn, Zn41) > 
0, since the ratio of the spherical to hyperbolic metrics on Qo tends to zero at the 
boundary. Thus the orbit accumulates on a connected set Æ C No on which 
f(z) = z. Since f is not the identity map, E reduces to a single fixed-point 
E = {xo}. Since xo € J(f), it is an indifferent fixed-point, and f'(xo) = 1 by 
the Snail Lemma (Theorem 5.17). 

Now suppose Z,, is recurrent: that is, the orbit returns infinitely often to a 
fixed compact set K C Qo. We distinguish two cases, depending on whether or 
not f : Qo —> Qo is a covering map. 

If f is not a covering map, then | f’| < c < 1 on K (in the hyperbolic metric); 
therefore d(Zn, 2n41) > 0, and any accumulation point zo of zn in K is a fixed- 
point of f. By contraction, this fixed-point is unique, | f’(ao)| < 1, and we have 
the attracting or superattracting case. 

If f is a covering map, then by recurrence there are self-coverings (of the 
form f”) arbitrarily close to the identity (on compact sets). More precisely, if 
vo is a unit tangent vector at zo, Un = Df"(vo), and Uk © Ugin, then f” ~ id 
on a large ball about zz. 

If Qo carries a nontrivial closed hyperbolic geodesic y, then f”(y) = y for 
arbitrarily large n. Since f” 4 id, we conclude that Qo is an annulus around y 
and f is an irrational rotation. This is the case of a Herman ring. 

Finally if Qo carries no closed geodesics, then it must be a disk (it cannot 
be a punctured disk since the Julia set is perfect). Then f|Qo is an irrational 
rotation; any other isometry of infinite order would fail to be recurrent. This is 
the case of a Siegel disk. E 


Cf. [Mcs]. 


5.6 The postcritical set 


Although the Schwarz lemma gives contraction in the hyperbolic metric, it can 
also be used to reveal expanding properties of rational maps. 


Definition. The post-critical set is given by 


PA=] U o. 


n=1 f'(c)=0 


Thus P(f) is the smallest forward-invariant closed set containing the critical 
values of f. 

Once easily checks P(f) = P(f”) for any n > 1, and |P(f)| < 2 iff f(z) is 
conjugate to z > 2%. 

Setting the (easily analyzed) cases where f(z) = z4, we can assume |P(f)| > 
3 and thus its complement C — P(f) is hyperbolic (in the sense that each com- 
ponent is hyperbolic). 
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Since f(P(f)) C P(f), the pre-image of the post-critical set contains itself. 
Thus we obtain the diagram: 


C- JP) —— C- P(f) 


s| 
C— P(f) 


where along the vertical arrow f is a covering map, and along the horizontal 
arrow / is an inclusion. Imposing the hyperbolic metric on C— P(f), we conclude 
that the vertical arrow is an isometry, while the inclusion + is non-expanding. 
Thus the composition 


for!:C-P(f) + C- P(f) 
is a non-expanding where it is defined. 


Theorem 5.21 For any z E€ J(f), we have ||(f")'(z)|| + co in the hyperbolic 
metric on C— P(f). 


(If f"(z) happens to land in P(f), we set ||(f")’(z)|| = co.) 
Proof. Let X, =C-— f-"(P(f)) and 


ln: Xn > Xo 


the inclusion. Since |P(f)| > 3, f~"(P(f)) accumulates on the Julia set, and 
thus the hyperbolic metric on Xn at z € J(f) tends to infinity. In other words, 
\|-1,(z)|| — 0 with respect to the hyperbolic metrics on domain and range. Since 
f : Xn > Xo is a covering map, we have ||(f”)/(z)|| > oo with respect to the 
hyperbolic metric on Xo. a 


Every periodic component of the Fatou set is related to the post-critical set. 
More precisely: 


Theorem 5.22 The post-critical set P(f) contains every attracting, superat- 
tracting and parabolic cycle, every indifferent point in the Julia set, and the full 
boundary of every Herman ring and Siegel disk. 


Proof. Assume |P(f)| > 2, since the theorem clearly holds for f(z) = 2%. 

Consider any ball B = B(w,r) disjoint from P(f). Then all branches of 
f—”|B are well-defined and univalent on B. Moreover, these inverse branches 
form a normal family, since they omit P(f) from their range. 

If w is a periodic point, of period p, then by normality its multiplier satisfies 
|A| > 1. If |A| = 1, then by univalence the forward iterates of f are also normal 
near w, so w is the center of a Siegel disk. Summing up, any periodic point 
outside P(f) must be either repelling or the center of a Siegel disk. 
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Similarly, if w is in the boundary of a Siegel disk or Herman ring, we can 
choose a subsequence of f~”"|B that converges to the identity on an open subset 
of B (namely its intersection with the rotation domain). Thus along a subse- 
quence, f—” converges to the identity on all of B. Thus B contains no repelling 
cycles, so B is disjoint from the Julia set, a contradiction. | 


5.7 Expanding rational maps 


Definition. A rational map f(z) is expanding if for some n, the derivative of 
f” in the spherical metric satisfies |( f”) (z)|o > 1 for all z € J(f). 


Theorem 5.23 The following are equivalent: 
1. The rational map f is expanding. 
P(P)NI(F) =9. 


The forward orbit of every critical point tends to an attracting cycle. 


~ Se S 


There are no critical points in the Julia set, and every point in the Fatou 
set converges to an attracting cycle. 


Here ‘attracting’ includes ‘superattracting’. 


Proof. The maps f(z) = zf clearly satisfy all the above conditions, so we may 
assume |P(f)| > 3. 


(1) => (4). By expansion, there is an r > 0 such that for any z € Q(f), 
sup, d(f"(z), J(f)) >r. Since only finitely many components of Q(f) can con- 
tain a ball of radius r, we see the orbit of z eventually lands in a periodic com- 
ponent. Expansion rules out Siegel disks, Herman rings and parabolic basins, 
so f"(z) must tend to an attracting cycle. 

(4) = (3) => (2). These implications are immediate. 

(2) = > (1). By Theorem 5.21, under iteration f expands the hyperbolic 
metric on C — P(f) at any point of J(f). If P(f)NJ(f) is empty, then by com- 
pactness of J(f), some fixed iterate f” strictly expands the hyperbolic metric 
everywhere on J(f). A further iterate f”* then expands the spherical metric, 
since the spherical and hyperbolic metrics have a bounded ratio of J(f). E 


Theorem 5.24 The Julia set of an expanding map is quasi-self-similar, and 
H. dim J(f) < 2. 


Proof. By expansion and the distortion lemma for univalent maps, any small 
piece of J(f) can be blown up to definite size with bounded distortion. Thus 


J(f) is quasi-self-similar, and there is no ball in which J(f) is very dense. It 
follows that H. dim J(f) < 2. E 
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The preceding two results, taken together, completely determine the behav- 
ior of a typical point z € C under the iteration of an expanding map f. For 
example we can now see: 


Corollary 5.25 Suppose f(z) = z% +c has an attracting cycle C C C. Then 
for any z € C, either: 


1. f"(z) > œ; or 
2. d(f"(z),C) > 0; or 
3. z E€ J(f), a compact set of Hausdorff dimension < 2. 


Proof. Since f has only two critical points, it has exactly two attracting cycles, 
C and oo. These cycles must each attract a critical point, so f is expanding. 
Therefore every point in Q(f) tends to C or oo, and the remaining points J(f) 
have dimension less than two. a 


5.8 Density of expanding dynamics 
We can now state a central conjecture: 


Conjecture 5.26 For each d > 2, the expanding maps are open and dense in 
Rata and in Polyg, the spaces of rational maps and polynomials of degree d. 


Clearly the expanding maps form an open set, but their density is still un- 
known, even in the case of Poly, (quadratic polynomials). 

Recall from §1.3 that in the early history of smooth dynamical systems, it 
was suspected that Axiom A systems (an analogue of expanding) should be 
open and dense in Diff(M/”). This was soon proved to be false for all manifolds 
of dimension n > 3, and finally even for all surfaces. 

For n = 1 Axiom A dynamics is trivially seen to be dense. There are 
good reasons (both theoretical and experimental) to think that expanding maps 
may be dense for conformal dynamical systems. The most naive reason is that 
polynomials and rational maps are 1-dimensional dynamical systems over C. 


5.9 Quasiconformal maps and vector fields 


We now introduce a new technique. 
Let f : U — V be a diffeomorphism between regions in C. Recall the 
differential operators 


of 3 (2 of) Of Of OF 
az 2 (ðr ay)’ r= 5 (Steg). 


These operators behave like differentiation with respect to the independent vari- 
ables (z,Z). For example, 


= af əf 
f(zt+t) =flz)+ te + taz +0(t°). 
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The map f is conformal iff Of /OZ = 0. 
We say f is quasiconformal if for some 0 < k < 1, we have 


Of) pE 
OZ|~— |z 








Noting that for |t| = 1, 


lfel — fel < tfe + tfel < |fz| + fal, 
we see Df maps circles to ellipses of oblateness bounded by 


1+k 
K =— >1; 
1-k7 
we say f is K-quasiconformal and note that 1-quasiconformal mappings are 
conformal. 
The Jacobian determinant is given by the product of the maximum and 
minimum stretchings: 


det Df = (|fz| + DUA — fel) = I? — |e. 
We also have | f,|?, | fy|? < K det Df. Thus for any region U, 


a 2 
area(f(U)) = | det Df |d}? > zh Z \dz|?, 


and similarly for Of /Oy. 

This suggest the more general definition: a homeomorphism f : U —> V is 
K-quasiconformal iff f has distributional first derivatives fs and fy (or f+ and 
fz) in L?, and Df(z) is K-quasiconformal for almost every z. 

The distortion of a general quasiconformal map is measured by the complex 
dilatation _ 

o dz Of 
H= H(z) = af 
This Beltrami differential u is a measurable (—1,1)-form, so its absolute value 
is natural, and we have 


K-1 


= <i; 
K+1 


lallo <k 





The space of complex structures. Here is a more intrinsic discussion of the 
Beltrami differential. For any Riemann surface X, we let M(X) be the space of 
L® Beltrami differentials, equipped with the sup-norm. We claim the unit ball 
in M(X) is naturally identified with the space of complex structures on X at a 
bounded distance form the given structure. 

To see this, recall that the space of conformal structures on a 2-dimensional 
real vector space V is SL(V)/SO(V) S H. Thus the space of complex structures 
on a surface S is naturally a bundle of hyperbolic disks CS = SL(T'S)/SO(TS). 
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On a Riemann surface X, this bundle comes equipped with a section s, so 
we have a bundle of pointed hyperbolic disks. The associated bundle of tangent 
spaces, T;C_X, is naturally isomorphic to the Beltrami line bundle T7!1X. 
Then CX is naturally realized as the space of unit disks in the Beltrami line 
bundle, and a Beltrami differential with |u| < 1 is simply a measurable section 
of this bundle of unit disks, at a bounded hyperbolic distance from the zero 
section. 


The Beltrami differential as a connection. A complex structure is the 
same as a -operator on functions, and we can also associate to u the operator 


ð, = ð — pd 


to specify the Riemann surface (X, u). 
Complex structures and self-adjoint maps. Alternatively, given a pair of 
a complex structures J1, J2 on V, there is a unique map A: V > V such that 


(i) A is positive with respect to Jı (ie. A has a set of positive eigenvectors, 
orthogonal with respect to Ji); 


(ii) A* (J2) = Jı (i.e. Jı = ATILIA); and 
(iii) det(4) = 1. 


Thus we can identify C(V) with the space P(V, J1) C SL(V) of positive endo- 
morphisms of determinant one. 

Now consider the special case where V = C with its standard conformal 
structure. Then a R-linear map A: C > C given by 


A(z) = az + bz 





is self-adjoint iff a € R. When self-adjoint, its eigenvalues are a + |b|. Thus A is 
positive iff we have a € R and a > |b]. 

Now return to the setting of a Riemann surface X. A Beltrami differential 
p € T7 11X with |u| < 1 determines a positive map A: T,X > T,X by 


1+ p(w) 
AUS TEE 


This map A € P(T X, Jp) corresponds canonically to the complex structure 
determined by u. For example, if u = a dz/dz on C, then under the identification 
T,C = C we have p(é) = a€/€ and 


Aja E 


TISE 





When a is real, the eigendirection of A are along the real and imaginary axes. 
In general, they correspond to the lines along which u(v) > 0 and (v) < 0. 

Note: if |u(p)| = 1, the unnormalized map A(v) = (1 + u(v)) -v has rank 
one, so its kernel determines a real line Lp C T,X. 
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Theorem 5.27 (Measurable Riemann mapping theorem) For any u € 
M(C) with ||Ulloo < 1, there is a unique quasiconformal homeomorphism f : 
C > C such that fz = uf- and f fixes {0,1,00}. 

Moreover, the mapping f(z) with dilatation tu, t E€ A, varies holomorphi- 
cally with respect to t. 


The first statement is due to Morrey; the second is due to Ahlfors and 
Bers. Bers also introduced the use of the Beltrami equation in the theory of 
deformations of Kleinian groups. 


Examples. 


1. For |a| < 1 let 


fe) = e ae. 


z+a/z_ otherwise. 


Then fz/f- = a on the unit disk and zero elsewhere. The mapping f is 
K-quasiconformal with K = (1 + |a|)/(1 — Jal). 
2. Forl1>a>0 let f(z) = 2|z|°~!. In polar coordinates we have f (ret?) = 


ree., 


Writing f(z) = z(¢°+)/2z(°-1)/2, we can easily compute 


_fz_(a-1)z 


fe (a+) 


Thus f is K-quasiconformal with K = 1/a. 





H 


Note that f is only a-Hölder continuous at the origin. It is a general fact 
that a K-quasiconformal map is 1/K-Hölder continuous. 


Distortion of balls. An alternative definition of K-quasiconformal mappings 
f is that 
Hlo = imap TEA OFW o g 
r=>0 MMsi(z,r) IF) T f(w)| 
for almost every z. Thus roughly speaking, the ratio of inradius to outradius of 
the image of a ball is bounded by K. 

This sharp bound on distortion of balls holds only a.e., and only at a micro- 
scopic level. For example, the K-quasiconformal map f (ret?) = r e sends the 
ball B(1, 1) to a region U containing [0,2%]. The ratio of inradius to outradius 
of U at z = 1 is about 2% œ> K when K is large. 

The distortion of macroscopic balls under f is bounded in terms of K(f); 
it’s just that the best bound is not K. 


Vector fields. A vector field v(z)0/0z is quasiconformal if its Beltrami dif- 
ferential u = Ov is in L® as a distribution. A quasiconformal vector field is 
continuous; in fact v € C!~€ for any e > 0. 

For many purposes we can get by with the infinitesimal form of the Measur- 
able Riemann Mapping Theorem. 
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nN 


Theorem 5.28 (Infinitesimal version) For any u € M(C), there is a con- 
tinuous vector field v on the sphere such that Ov = u. 


For the proof we recall that 1/(7z) is a fundamental solution to the 0- 
equation; that is, (1/z)z = rô, a multiple of the -function at z = 0. 

To see this, consider any f € C§°(C). In terms of the pairing between 
smooth functions and distributions, we have 


Dols - SP LOP a 
[ozs =— f S le 


— Mana- g |En- fa (5) 


(0/2)z; f) 


oi | 2 Oz i 
APERE | dz 1 ; z = 
= igg fg [O = 2M = 2 = (8.0) 


and thus (1/z)z = —70. 
Proof of Theorem 5.28. It suffices to handle the case where u is compactly 
supported in C, since up to the action of Aut(C) any Beltrami differential is a 
sum of two of this form. 

To prove the theorem for compactly supported u, just let v(z) be the con- 
volution of u with the fundamental solution —1/(7z) the 0 equation. 

Since 1/z is in L! on compact sets, it is easy to see directly that v is contin- 
uous. In fact v is C!~¢ for any e > 0. a 


Examples. Given complex numbers (a1,...,@n), let 


XO karz", |z| <1, 
uz) = 94 


0 otherwise. 


Then Ov = u where 


ee |z| > 1. 
re 


Trivial deformations. A Beltrami differential u € M(A) is trivial if there is 
a solution to Ov = p such that v = 0 on St. 
Using the preceding examples we can see: 


Proposition 5.29 There exists an infinite-dimensional space of compactly sup- 
ported Beltrami differentials V C M(A) such that p € V is trivial iff u = 0. 


85 


AMS Open Math Notes: Works in Progress; Reference # OMN:201701.110673; 2017-01-22 14:33:49 


Proof. Let V be the span of (z*dz/dz : k > 0). Suppose u € V is trivial; 
that is, there is a solution to Ow = u with w = 0 on St. Let v be the solution 
to Ov = p given in the example above. Then (v — w) = 0 and thus v — w is 
holomorphic on the disk. Since w = 0 on S1, we see v|S! admits a holomorphic 
extension to the unit disk. But v|S* is a polynomial in negative powers of z, so 
we conclude v = 0. Therefore u = 0. 

To obtain compact support, restrict the elements of V to the ball B(0, 1/2). 
If Ov = u € V, then v = 0 on |z| = 1 and so v = 0 on |z| = 1/2, since v is 
holomorphic on 1/2 < |z| < 1. Then u = 0 by the argument above. 


For applications we need to recognize triviality from the behavior of a solu- 
tion to Ov = p on the sphere. This recognition is provided by: 


Theorem 5.30 Letv be a quasiconformal vector field on Ç, and let 
r:A32cCC 


be a Riemann mapping to a disk. Suppose u = Ov|Q is compactly supported, 
and v =0 on OQ. Then n*(v) =0 on OA, and r*(y) is trivial in M(A). 


Proof. Write v = v(z)(0/0z). Then v(z) is holomorphic outside a compact 
subset of Q, and v(z) = 0 on Q. Therefore 

«is. UTZ) 3  w(z) ð 
TUS m(z) Oz  m'(z)ðz 








with w(z) holomorphic outside a compact subset of A, and w(z) > 0 on OA. 
By Schwarz reflection, w(z) is identically zero near the boundary of A, and thus 
n*(v) is a compactly supported vector field in A. Since Ox*(v) = 1*(), we find 
u is trivial in M(A). E 


5.10 Deformations of rational maps 


We now explain how f-invariant Beltrami differentials determine deformations 
of f. 
Conformal deformations. The space Rat, of all rational maps of degree d is a 
complex manifold, isomorphic to an open subset of P?4+1, (If f(z) = P(z)/Q(z), 
then deg(P), deg(Q) < d so we have 2d + 2 coefficients, giving homogeneous 
coordinates on projective space. The condition that P and Q are relatively 
prime, and at least one is of degree d, determines a Zariski open subset.) 

Suppose a rational map fo(z) varies smoothly in a family f(z). Then the 
derivative w = df;(z)/dt is a vector field whose value w(z) lies in the tangent 
space ieee In other words, w is a holomorphic section of the bundle f* (2C). 
Thus a 

T; Rata = I(C, f*(TC)). 
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The pullback of the tangent bundle has degree 2d, so it is isomorphic to 
O(2d), and thus 
dim T; Rata = 2d + 1, 


consistent with our description of Rata as an open subset of P?¢*?. 
A continuous vector field v on C gives a deformation of f iff 


ôv = Df (v)— vo f 
is a holomorphic section of f* (TÒ). Since 


ðv = fsp- po f, 


we see v gives a deformation iff u = Ov is f-invariant, i.e. f*u = p. 
The deformation produced by v can be interpreted as df;/dt, where 


fr=¢;'ofde 


for a isotopy ¢; of C with dd,/dt = v. Thus deformations give directions in 
which f is (formally) varying by conjugacy. 

In particular, we should only expect the full tangent T Rata to be spanned 
by deformations when f is structurally stable. 

A 3-dimensional subspace of deformations arises from the action of PSL2(C) 
on Rata by conjugation. Namely, if v € slg(C) is a holomorphic vector field on 
the sphere, then dv is clearly holomorphic. 

A trivial deformation is a vector field with ôv = 0, which is equivalent to the 
condition f*(v) =v. If f(z) = z and f’(z) £1, we can conclude that f(v) = 0. 
Applying the same reasoning to the repelling periodic points, by continuity of 
v we have: 


Proposition 5.31 If a continuous vector field v gives a trivial deformation of 
f, then v vanishes identically on the Julia set of f. 


Corollary 5.32 Ifv is holomorphic and 6v = 0 then v = 0. 


Intuitively, the Proposition says that a small deformation commuting with f 
fixes the repelling cycles, and so it is the identity on the Julia set. The Corollary 
says the group Aut(f) of Möbius transformations commuting with f is discrete. 
(In fact Aut(f) is finite.) 

Because of this Corollary, sl2(C) maps injectively into the space of deforma- 
tion of f. Taking the quotient, we obtain the ‘cohomology group’ 


H(f, TC) = H? (C, f*(TC))/sl2(C). 


This group measures deformations modulo those that come from conformal con- 
jugacy. It is naturally the tangent space at f to the variety V4 = Rata / PSL2(C). 
We have p 

dim H! (f, TC) = 2d — 2. 
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Quasiconformal deformations. Let M(C)f c M/(C) be the space of f- 
invariant Beltrami differentials, i.e. those satisfying f*(j) = u. Each invariant 
u determines an almost-complex structure on Č with respect to which f is 
holomorphic. Usually dim M(C)f = oo. For example, if an open set U is 
disjoint from its forward images, and f"|U is injective, then we can propagate 
any u E€ M(U) to an f-invariant differential on the sphere, and thus M(U) > 
M(C). 
We have a natural map 


6:M(©f > H! (f, TC) 


defined as follows: given an f-invariant u, solve the equation Ov = u and then 
map u to the deformation dv. The solution to the -equation is only well-defined 
up to elements of sl2(C), which is why the image lies in the cohomology group. 

To under 6, note that y € M (C)f determines a 1-parameter family of 
quasiconformal maps ¢; with complex dilatation tu. The rational maps fe = 
oof od; l vary holomorphically with respect to t, and by differentiating at 
t = 0 we obtain the deformation [df;/dt] = dw. 


5.11 No wandering domains 


Using the fact that a rational map admits only a finite-dimensional space of 
deformations, we can finally prove: 


Theorem 5.33 (No wandering domains) Every component of the Fatou set 
eventually cycles. 


We begin with an observation due to N. Baker. 


Lemma 5.34 IfQ(f) has a wandering domain, then it has a wandering disk. 


Proof. Let U be a wandering component of Q(f), and let Un = f"(U) be its 
distinct forward images (each a component of Q(f)). Since f has just finitely 
many critical values, f : Un —> Un+1ı is a covering map, hence a hyperbolic 
isometry, for all n > 0. 

We claim U,, is a disk for all n >> 0. Otherwise, for all n >> 0, Un carries 
a hyperbolic geodesic yn such that f(7n) = Yn41. (Note that Un cannot be a 
punctured disk because J(f) is perfect.) Since f is a covering, the length of +, 
in the hyperbolic metric on Up is the same for all n >> 0. Now the diameter 
of the largest spherical ball contained in Un must tend to zero, since these 
components are distinct. By comparing the hyperbolic and spherical metrics, 
we see diamo (Yn) —> 0. Since f is Lipschitz in the spherical metric, once the 
spherical size of yn is small, any small disk bounded by 7, must map to a small 
disk bounded by yn+1. It follows that f"*t* is normal on this small disk, which 
is impossible since each component of È — yn must meet J (f). Thus Un is 
eventually a disk. E 
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Proof of Theorem 5.33. Let U be a wandering disk, or more precisely a 
simply-connected component of Q(f) such that f”|U is injective for all n > 0. 
Let m : A — U be a Riemann mapping. Then 7 allows us to transfer Beltrami 
differentials from A to U. Let V C M(A) be the infinite-dimensional space 
of compactly supported Beltrami differentials guaranteed by Proposition 5.29, 
such that u € V is trivial iff u = 0. Then we have 


V c M(A) = M(U) > MOS & (Ff, TO. 


Now suppose u € V maps to 0 € Al(f, TC). Then the associated vector 
field v vanishes on J(f), and in particular v = 0 on OU. By Theorem 5.30, this 
implies y is a trivial deformation of the disk, and thus p = 0. 2 

Thus V maps injectively into Ty (Rata). But dim(V) = co > dim Hı (f, TC) = 
2d — 2, so this is impossible. Therefore f has no wandering domain. | 


5.12 Finiteness of periodic regions 


Theorem 5.35 Every component of the Fatou set Q(f) eventually cycles, and 
there are only finitely many periodic components. 


Proof. We have seen there are no wandering domains. Apart from Herman 
rings, the periodic components of Q(f) are associated to superattracting, at- 
tracting, parabolic or indifferent periodic points, so they are finite in number. 
For Herman rings, one can use the quasiconformal deformation theory to 
show each cycle of rings contributes one complex parameter to the moduli space 
of f. Since dim M(f) < 2d — 2, there are at most 2d — 2 Herman rings. E 


Remarks. More sophisticated arguments show the number of cycles of com- 
ponents of the Fatou set is at most 2d — 2 [Shi]. 


5.13 The Teichmüller space of a dynamical system 


In preparation to discuss the Teichmüller space of a rational map, we outline 
the more general theory of the Teichmüller space of a dynamical system. 


Definitions. A holomorphic dynamical system (X, f) consists of a 1-dimensional 
complex manifold X, possibly disconnected, and a holomorphic map f : X > X. 
(The definition can be extended in a natural way to replace f by a group action 
or a semigroup or a collection of holomorphic correspondences.) 

An isomorphism a : (X1, g1) > (X2, g2) is given by a conformal map a : 
Xı — Xə such that a o gi = g2 0 Q. 

A quasiconformal conjugacy ¢ : (X, f) > (Y,g) gives a marking of (Y, g) 
by (X, f). Two such marked dynamical systems are isomorphic if there is an 
isomorphism a : (Y1, g1) > (Y2, 92) respecting markings (i.e. such that ¢2 = 


ao gı). 


89 


AMS Open Math Notes: Works in Progress; Reference # OMN:201701.110673; 2017-01-22 14:33:49 


The deformation space Def(X, f) is the space of isomorphism classes of dy- 
namical systems marked by (X, f). It is easy to see the deformation space may 
be identified with the unit ball in the space of f-invariant Beltrami differentials; 
that is, we have: 

Def(X, f) = M(X). 

The quasiconformal conjugacies ¢ : (X, f) > (X, f) form a group we denote 
QC(X, f). It acts on Def (X, f) by changing the marking. The normal subgroup 
QC,(X, f) consists of quasiconformal conjugacies isotopic to the identity, rel the 
ideal boundary of X and through uniformly quasiconformal conjugacies. 

The Teichmüller space Teich(X, f) is the quotient space of dynamical sys- 
tems marked up to isotopy: 


Teich(X, f) = Def (X, f)/ QCo(X, f). 

The mapping-class group 
Mod(X, f) = QC(X, f)/ QCo(X, f) 

acts on Teichmiiller space, yielding as quotient the moduli space 
M(X, f) = Teich(X, f)/ Mod(X, f) 


of isomorphism classes of dynamical systems quasiconformally conjugate to f. 

The subgroup of conformal conjugacies will be denoted Aut(X, f) c QC(X, f). 
Its image in Mod(X, f) coincides with the stabilizer of [(X, f)] € Teich(X, f). 
Rotation of an annulus. To make these ideas concrete, let us consider the 
Teichmüller space of (X, f) = (A(R), f), where A(R) = {1 < |z| < R} is the 
standard annulus of modulus log(R)/27, and 


f(z) = erria y 
is an irrational rotation. 


1. We have Aut(X, f) = S! acting by rotations. Moreover, the dynamical 
system generated by f is dense St. 


2. The space Def(X, f) = M(A(R))f can be identified with L®([1, R])1. In- 
deed, any f-invariant Beltrami differential u on A(R) is also S1-invariant, 
by ergodicity of the irrational rotation of a circle. Thus u is determined 
by its values on the radius [1, R]. 


3. In terms of marked dynamical systems, Def(X, f) can be identified with 
the set of triples (Y, g, ¢) = (A(S), f, p) such that ¢: A(R) > A(S) is an 
S1-equivariant quasiconformal map and 


o|S'(1) = id. 


To see this, just note that any Riemann surface Y quasiconformally equiv- 
alent to X is of the form A(S), that the rotation number of f is a topo- 
logical invariant, and that by composing with an automorphism of A(S) 
we can normalize the conjugacy so that ¢(1) = 1. 
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4. The group QC(X, f) consists of all quasiconformal maps ¢ : A(R) > A(R) 
that commute with rotations. It is conveniently to visualize the orbits of 
S! on A(R) as circles of constant radius in the cylinderical metric |dz|/|z1; 
then @ preserves this foliation and maps leaves to leaves by isometries. 


Any ¢ € QC(X, f) is actually Lipschitz and is determined by its values 
on [1, R]. Thus ¢ has the form 

olz) = e2710 (zl) 2, 
where 0 : [1, R] — C is a Lipschitz function such that 6(1) and 6(R) are 
real. Note that 0 and 6+ n,n € Z, determine the same map @¢. 


Moreover, the condition that @ as above is quasiconformal is equivalent 
to the condition that 0 is Lipschitz and r +> |d(r)| = rexp(27 Im @(r)) is 
a bilipschitz map. In other words, if we write 0(r) = a(r) + iß(r) then we 
need a and £ to be Lipschitz and we need a definite gap betwen 1/r and 
278" (r); that is, we need 


inf((1/r) — 2rB'(r)) >0 


to insure |ġ(r)| increases at a definite rate. 


5. The group QC,(X, f) consists of those ¢ that can be deformed to the 
identity while keeping the values of ¢ on $1(1) and $1(R) fixed. This 
means that @ is the identity on A(R) and moreover that there is no 
relative twisting. In terms of (r), the condition ¢ E€ QC,(R) is equivalent 
to the condition 


6. A linear combination of Lipschitz functions is again Lipschitz. Using this 
fact, it is easy to see that the map ¢+ (6(1), 0(R)) gives an isomorphism 


Mod(X, f) = QC(X, f)/ QCo(X, f) = R*/Z, 
where Z = { (n,n) € R?}. 


7. Now we have seen that points (A(S), f,¢) € Def (X, f) can be normalized 
so that ¢(1) = 1, i.e. such that 0(1) = 0. Therefore ¢ is determined up to 
isotopy (rel ideal boundary) by the value of 0(R) € R. Thus the map 


(ACS), f,¢) = —(log o(R))/2nt 
= 6(R) +imod(A(S)) 


establishes an isomorphism 
Teich(X, f) S H. 


It can be verified that this isomorphism is complex-analytic. 
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8. Finally Mod(X, f) = (R?/Z) acts on Teich(X, f) by changing the bound- 
ary values of ¢. This actions is on z € H given by: 


(s,t)(z) =z4+(t—s). 


Note that any point z € H is stabilized by the diagonal subgroup R/Z = 
S! C R?/Z, consistent with the fact that Aut(Y, f) = S+ for every (Y, f) € 
Teich(X, f). 


9. Taking the quotient by the group of all translations of H, we find the map 
(Y,g) = mod(Y) (or equivalently z +> Im z) gives an isomorphism 


M(X, f) = Teich(X, f)/ Mod(X, f) S Ry = (0,00). 


In other words, the rotations of an annulus Y through irrational angle 0 
are classified up to conjugacy by mod(Y). 


Attracting fixed-points. As a second example that is important for the 
theory of attracting fixed-points, let (X, f) = (C, f) where 


f(2) =z 


with 0 < |A| < 1. For this map, a central role in the Teichmüller theory is 
placed by the quotient torus T = C*/(f). 


1. The automorphism group of (C, f) is the multiplicative group C*. 


2. The space Def(X, f) is naturally identified with M(T)!. (Invariant Bel- 
trami differential come from the quotient T.) An invariant Beltrami differ- 
ential is determined by its values in the fundamental annulus |A| < |z| < 1. 


3. In terms of dynamical systems, any (Y,g,¢) € Def(X, f) has the form 
(Y,g) = (C, kz) with 0 < |x| < 1. The map ¢ can be normalized so that 
o(l) = 1. 


4. The dynamical system (Y,g) has its own quotient torus T’ = C*/(k), 
naturally marked by ¢, giving an isomorphism 


Teich(X, f) S Teich(T) = H. 


In terms of (Y, g) = (C, kz), this isomorphism is given by 





log k 
H 
(C, kz) => Pri € 


The value of log « can be made well-defined using the marking of (Y, g) by 
(X, f). To use the marking, first choose an arc y C X = C* connecting 1 
to A. Then ¢(y) C Y connects 1 to «. There is a unique continous branch 
of the logarithm along ¢(y) with log(1) = 0, and this branch defines log x. 
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5. The torus T has a distinguished map 7(T’) > Z defining the covering 
space X = C* > T. In other words, T has a distinguished cohomology 
class C € H'(T,Z). It is not hard to see that Mod(X, f) S Z coincides 
with the subgroup of Mod(T) © SL2(Z) stabilizing C. Thus we have the 
isomorphism 


1 n 


Mod(X, f SZS k ') € SL2(Z)}. 


6. The modular group acts on H in the natural way — by sending z to z +n. 
Thus we have 
M(X, f) S H/Z S A*. 
This isomorphism simply sends (C*, kz) to K. 


7. In summary, the Teichmüller space of an attracting fixed-point coincides 
with the Teichmüller space of its quotient torus; the torus carries a distin- 
guished cohomology class; a marking determines a logarithmic lift of the 
multiplier; and the moduli space is the punctured disk. 


5.14 The Teichmüller space of a rational map 


We are now in a position to describe the space of all rational maps quasiconfor- 
mally conjugate to a given one. See [McS] for details. 

The quotient Riemann surface. To relate Teich(f) to more traditional 
Teichmüller spaces, we introduce a quotient Riemann surface for f. 

The grand orbits of f are the equivalence classes of the relation z ~ y if 
f(x) = f” (y) for some n,m > 0. Let J denote the closure of the grand orbits 
of all periodic points and all critical points of f. Let F=C = TCQ. Then 
f: F = F is a covering map without periodic points. Let F = Q#s U Qf! 
denote the partition into open sets where the grand orbit equivalence relation 
is discrete and where it is indiscrete. 


Theorem 5.36 The Teichmüller space of a rational map f of degree d is nat- 
urally isomorphic to 


Mı (J, f) x Teich(Q!, f) x Teich(Q9%s/ f), 
where Q®#S/f is a complex manifold. 


Here Mı(J, f) denotes the unit ball in the space of f-invariant Beltrami 
differentials on J. In particular, Mı (J, f) = 0 if the Julia set has measure zero. 


Proof. Since J contains a dense countable dynamically distinguished subset, 
w|J = id for all w € QC,(C, f), and so 
QC(C, f) = QCo(M", f) x QC (91, f). 
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This implies the theorem with the last factor replaced by Teich(Q“%, f), using 
the fact that J and J differ by a set of measure zero. To complete the proof, 
write O78 as UO, a disjoint union of totally invariant open sets such that 
each quotient NÄS / f is connected. Then we have 


Teich(Q, f) = [| Teich(e'*, f) = J] Teich(ags/f) = Teich (2 /). 


Note that Q*'8/f is a complex manifold (rather than an orbifold), because f|Q“s 
has no periodic points. a 


The dimension of the Teichmüller space of a rational map of degree d is at 
most 2d — 2, i.e. at most the dimension of Rata / Aut C. 

Next we give a more concrete description of the factors appearing in Theorem 
5.36. n 

By the classification of stable regions, it is easy to see that J is the union of: 


1. The Julia set of f; 


2. The grand orbits of the attracting and superattracting cycles and the 
centers of Siegel disks (a countable set); 


3. The grand orbits of the critical points that land in attracting and parabolic 
basins (a countable set); and 


4. The leaves of the canonical foliations which meet the grand orbit of the 
critical points (a countable union of one-dimensional sets). 


The superattracting basins, Siegel disks and Herman rings of a rational map 
are canonical foliated by the components of the closures of the grand orbits. In 
the Siegel disks, Herman rings, and near the superattracting cycles, the leaves 
of this foliation are real-analytic circles. In general countably many leaves may 
be singular. Thus QS contains the points which eventually land in attracting 
or parabolic basins, while Qf” contains those which land in Siegel disks, Herman 
rings and superattracting basins. 


Theorem 5.37 The quotient space QS/f is a finite union of Riemann sur- 
faces, one for each cycle of attractive or parabolic components of the Fatou set 
of f. 

An attractive basin contributes an n-times punctured torus to 0%*/f, while 
a parabolic basin contributes an (n + 2)-times punctured sphere, where n > 1 is 
the number of grand orbits of critical points landing in the corresponding basin. 


Proof. Every component of QYS is preperiodic, so every component X of QHs / f 
can be represented as the quotient Y/f?, where Y is obtained from a parabolic 


or attractive basin U of period p be removing the grand orbits of critical points 
and periodic points. 
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First suppose U is attractive. Let x be the attracting fixed point of f? in U, 
and let A = (fP )' (x). After a conformal conjugacy if necessary, we can assume 
x € C. Then by classical results, there is a holomorphic linearizing map 


p(z) = lim A" (fP"(z) — x) 


mapping U onto C, injective near x and satisfying ~(f?(z)) = A(W(z)). 

Let U’ be the complement in U of the grand orbit of x. Then the space of 
grand orbits in U” is isomorphic to C*/ < z+ Az >, a complex torus. Deleting 
the points corresponding to critical orbits in U’, we obtain Y/f?. 

Now suppose U is parabolic. Then there is a similar map w : U > C such 
that ~(f?(z)) = z + 1, exhibiting C as the small orbit quotient of U. Thus the 
space of grand orbits in U is the infinite cylinder C/ < z œ z+1>2C*. Again 
deleting the points corresponding to critical orbits in U, we obtain Y/f?. 

In both cases, the number n of critical orbits to be deleted is at least one, 
since the immediate basin of an attracting or parabolic cycle always contains 
a critical point. Thus the number of components of QËs/f is bounded by the 
number of critical points, namely 2d — 2. | 


For a detailed development of attracting and parabolic fixed points, see e.g. 
[CG, Chapter IT]. 
Definitions. A critical point is acyclic if its forward orbit is infinite. Two 
points x and y in the Fatou set are in the same foliated equivalence class if the 
closures of their grand orbits agree. For example, if x and y are on the same 
leaf of the canonical foliation of a Siegel disk, then they lie in a single foliated 
equivalence class. On the other hand, if x and y belong to an attracting or 
parabolic basin, then to lie in the same foliated equivalence class they must 
have the same grand orbit. 


Theorem 5.38 The space Teich(Q/?!, f) is a finite-dimensional polydisk, whose 
dimension is given by the number of cycles of Herman rings plus the number 
of foliated equivalence classes of acyclic critical points landing in Siegel disks, 
Herman rings or superattracting basins. 


Proof. As for 248, we can write Of! = UYOf!, a disjoint union of totally 
invariant open sets such that 0'°!/f is connected for each i. Then 


Teich(Q!, f) = I Teich(O%, f). 


Each factor on the right is either a complex disk or trivial. Each disk factor 
can be lifted to Def(C, f), so by finiteness of the space of rational maps the 
number of disk factors is finite. A disk factor arises whenever QE! has an 
annular component. A cycle of foliated regions with n critical leaves gives n 
periodic annuli in the Siegel disk case, n + 1 in the case of a Herman ring, and 
n wandering annuli in the superattracting case. If two critical points account 
for the same leaf, then they lie in the same foliated equivalence class. E 
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Definition. An invariant line field on a positive-measure totally invariant 
subset E of the Julia set is the choice of a real 1-dimensional subspace Le C TeC, 
varying measurably with respect to e € E, such that f’ transforms Le to L fe) 
for almost every e € E. 

Equivalently, an invariant line field is given by a measurable Beltrami differ- 
ential u supported on E with |u| = 1, such that f* = u. The correspondence 
is given by Le = {v € T.C : ulv)=1 orv=0}. 


Theorem 5.39 The space Mı(J, f) is a finite-dimensional polydisk, whose di- 
mension is equal to the number of ergodic components of the maximal measurable 
subset of J carrying an invariant line field. 


Corollary 5.40 On the Julia set there are finitely many positive measure er- 
godic components outside of which the action of the tangent map of f is irre- 
ducible. 


Theorem 5.41 (Number of moduli) The dimension of the Teichmüller space 
of a rational map is given by n = nac +NnyuR +nLF— np, where 


e nac is the number of foliated equivalence classes of acyclic critical points 
in the Fatou set, 


© nyR is the number of cycles of Herman rings, 

e nzr is the number of ergodic line fields on the Julia set, and 

e np is the number of cycles of parabolic basins. 
Proof. The Teichmüller space of an n-times punctured torus has dimension 
n, while that of an n + 2-times punctured sphere has dimension n — 1. Thus 
the dimension of Teich(Qt8/ f) is equal to the number of grand orbits of acyclic 
critical points in QS, minus np. We have just seen the number of remaining 


acyclic critical orbits (up to foliated equivalence), plus nz pr, gives the dimension 
of Teich(Q*®!, f). Finally nzr is the dimension of M1 (J, f). | 


Remark. The number np can exceed the number of parabolic cycles. For 
example, a parabolic fixed point can have many petals attached, and these 
petals may fall into several distinct cycles under the dynamics. 


5.15 The modular group of a rational map 


Recall that Mod(C, f) = QC(C, f)/ QCo(C, f) is the group of quasiconformal 
automorphisms of f, modulo those isotopic (through conjugacies) to the identity. 
In this section we will prove: 


Theorem 5.42 (Discreteness of the modular group) The group Mod(C, f) 
acts properly discontinuously by holomorphic automorphisms of Teich(C, f). 
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Proof of Theorem 5.42 (Discreteness of the modular group). The 
group Mod(C, f) acts isometrically on the finite-dimensional complex mani- 
fold Teich(C, f) with respect to the Teichmiiller metric. The stabilizer of a 
point ( [a], C, g) is isomorphic to Aut(g) and hence finite; thus the quotient of 
Mod(C, f) by a finite group acts faithfully. By compactness of quasiconfor- 
mal maps with bounded dilatation, Mod(C, f) maps to a closed subgroup of 
the isometry group; thus Mod(C, f) is a Lie group. If Mod(C, f) has positive 
dimension, then there is an arc (h, ©, f) of inequivalent markings of f in Te- 
ichmüller space; but such an arc can be lifted to the deformation space, which 
implies each ¢; is in QCo(f), a contradiction. 

Therefore Mod(C, f) is discrete. E 


Remark. Equivalently, we have shown that for any K > 1, there are only a 
finite number of non-isotopic quasiconformal automorphisms of f with dilatation 
less than K. S he 

Let Rata denote the space of all rational maps f : C —> C of degree d. 
This space can be realized as the complement of a hypersurface in projective 
space P?¢+1 by considering f(z) = p(z)/q(z) where p and q are relatively prime 
polynomials of degree d in z. The group of Möbius transformations Aut (C) acts 
on Ratg by sending f to its conformal conjugates. 

A complex orbifold is a space which is locally a complex manifold divided by 
a finite group of complex automorphisms. 


Corollary 5.43 (Uniformization of conjugacy classes) There is a natural 
holomorphic injection of complex orbifolds 


Teich(C, f)/ Mod(C, f) — Rata / Aut(C) 
parameterizing the rational maps g quasiconformal conjugate to f. 


Corollary 5.44 If the Julia set of a rational map is the full sphere, then the 
group Mod(C, f) maps with finite kernel into a discrete subgroup of PSL2(R)" x 
Sn (the automorphism group of the polydisk). 


Proof. The Teichmüller space of f is isomorphic to H”. | 


Corollary 5.45 (Finiteness theorem) The number of cycles of stable re- 
gions of f is finite. 


Proof, Let d be the degree of f. By Corollary 5.43, the complex dimension of 
Teich(C, f) is at most 2d — 2. This is also the number of critical points of f, 
counted with multiplicity. 

By Theorem 5.41 f has at most 2d—2 Herman rings, since each contributes 
at least a one-dimensional factor to Teich(C, f) (namely the Teichmüller space 
of a foliated annulus. By a classical argument, every attracting, superattracting 
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or parabolic cycle attracts a critical point, so there are at most 2d — 2 cycles of 
stable regions of these types. Finally the number of Siegel disks is bounded by 
4d —4. (The proof, which goes back to Fatou, is that a suitable perturbation of 
f renders at least half of the indifferent cycles attracting; cf. [Mon, §106].) 
Consequently the total number of cycles of stable regions is at most 8d — 8. 


Remark. The sharp bound of 2d — 2 (conjectured in [Sul4]) has been achieved 
by Shishikura and forms an analogue of Bers’ area theorem for Kleinian groups 
[Shi], [Bers1]. 


6 Hyperbolic 3-manifolds 


6.1 Kleinian groups and hyperbolic manifolds 


A hyperbolic manifold M” is a connected, complete Riemannian manifold of 
constant sectional curvature —1. 

There is a unique simply-connected hyperbolic manifold H” of dimension n, 
up to isometry. Thus any hyperbolic manifold can be regarded as a quotient 
M” = H” /T where I’ C Isom(H”) is a discrete group. 

Two explicit models for hyperbolic space are the upper half-space model, 


H” = {(z1,..., £n) E R” : £n > 0} 


with the metric p = |dx|/x£n; and the Poincaré ball model 














H” = B” = {x eR”: |z| <1} 


with p = 2|dx|/(1 — |z|?). Hyperbolic space has a natural sphere at infinity 
S21, corresponding to R"~! U {co} in the upper half-space model and to 0B” 
in the Poincaré ball model. 

The points on S% t can be naturally interpreted as endpoints of geodesics. 














Theorem 6.1 For n > 1, every hyperbolic isometry extends continuously to a 
conformal automorphism of the sphere at infinity, establishing an isomorphism 


Isom(H”) S Aut(S"'). 


Proof. First note that reflection through a hyperplane P"~' C H” extends 
continuously to (conformal) reflection through the sphere S"~? = ðP”! c 
S21. Conversely, reflection through a sphere extends to reflection through 
a hyperplane in hyperbolic space. Since reflections generate both groups, we 
see the boundary values of any hyperbolic isometry are conformal, and any 
conformal map extends to an isometry. 

Finally any isometry inducing the identity on S”>! must be the identity, 
since it stabilizes every geodesic. a 
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A Kleinian group is a discrete subgroup [ C Isom(H”). The limit set A C 
S”-! of T is defined by A = Tr S% t for any x € H”. The complement 
Q = S% 1 — A is the domain of discontinuity for T. 


Theorem 6.2 The action of a Kleinian group on its domain of discontinuity 
is properly discontinuous. That is, for any compact set K CQ, the set of y ET 
such that y(K)N K £90 is finite. 


A Kleinian group is elementary if it contains an abelian subgroup of finite 
index; equivalently, if |A| < 2. 


Theorem 6.3 Jf T is nonelementary, then A is the smallest nonempty closed 
T-invariant subset of S% 1. 


A baseframe w for a hyperbolic manifold M is simply a point in the frame 
bundle of M. There is a natural bijection: 


{Baseframed hyperbolic manifolds (M”,w)} 
> 
{Torsion-free Kleinian groups IT C Isom(H”)}. 


General Kleinian groups correspond to hyperbolic orbifolds. Forgetting the 
baseframe amounts to only knowing I up to conjugacy in Isom(H”). 


6.2 Ergodicity of the geodesic flow 


Theorem 6.4 The geodesic flow on M = H” /T is ergodic if and only if T acts 
ergodically on S?-1 x S% 1. 


Theorem 6.5 The geodesic flow is ergodic on any finite-volume hyperbolic man- 
ifold M. 


Proof. (Hopf) Let f € Co(Tı M) be a compactly supported continuous function 
on the unit tangent bundle. Let g; denote the geodesic flow, and I C L? (TiM) 
the subspace of functions invariant under g;. To prove ergodicity we need to 
show I consists of the constant functions. 

By the ergodic theorem, 


T 
felv) = jim p| Faod 
exists for almost every v € T} M, and converges to the L?-projection F of f to 
I. On the other hand, the negative time average f_(v) converges to the same 
thing, so F(v) = f+(v) = f- (v) for almost every v. 

Now if v and w are vectors converging to the same point on S% t in positive 
time, then the geodesic rays through v and w are asymptotic, so f4 (v) = f+ (w) 
by uniform continuity of f. In other words, F(v) is constant along the (n — 
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1)-spheres of the positive horocycle foliation of Tı(M). Applying the same 
argument to f_(v), we see F is also constant along the negative horocycle 
foliation. Finally F (v) is invariant under the geodesic flow. By Fubini’s theorem, 
we conclude that F(v) is constant. 

Since Co(TıM) is dense in L?(T;M), we have shown I consists only of the 
constant functions, and thus the geodesic flow is ergodic. a 


6.3 Quasi-isometry 


Let X and Y be complete metric spaces. A map f : X —> Y is a K-quasi- 
isometry if for some R > 0 we have 


d(a, x’) 


-R 
K 


R+ Kd(x,2') > d( f(x), f(2’)) > 
for all x, x’ € X. In other words, on a large scale, f gives a bi-Lipschitz map to 
its image. 

We say f : X + X is close to the identity if sup, d(x, f(x)) < co. 

We say f : X — Y is a quasi-isometric isomorphism if there is a quasi- 
isometry g : Y — X such that fog and go f are close to the identity. If 
f:X >Y is a quasi-isometry and B(f(X),R) = Y for some R, then in fact f 
is an isomorphism. 

Example. The inclusion f : Z” — R” is a quasi-isometric isomorphism. An 
inverse is the map g : R > Z defined by taking the integer part, g(x) = [z]. 


Groups. Let G be a finitely-generated group. Choosing a finite set of genera- 
tors (gi), we can construct the Cayley graph C(G) by taking G as the vertices 
and connecting g and h by an edge if g = gih for some gi. Taking the edges to 
be of unit length, we obtain a metric d on G. 

Alternatively, one can define d(id, g) = n where n is the length of a minimal 
word expressing g in terms of (g;'), and then extend d to G x G so it is right- 
invariant. 

Another choice of generators (g/) determines another metric d’ on G. By 
expressing each g; as a word in (gi) and vice-versa, one easily sees that (G, d) 
and (G, d’) are quasi-isometric. 





Theorem 6.6 For any compact Riemannian manifold M, the universal cover 
M and the group ™(M) are quasi-isometric. 


Proof. Realize 7(M,*) = G as a group of deck transformations acting on 
(M, x), and define f : G—> M by f(g) = g*. The map f can be extended to the 
Cayley graph by mapping each edge to a geodesic segment. Edges corresponding 
to the same generator of G map to segments of the same length, so f is Lipschitz. 

To see f is a quasi-isometry, note that by compactness of M there is an R > 0 
such that every point of the universal cover is within distance R of the orbit Gx. 
Consider a geodesic segment y C M of length L = d(x, g*) joining * to gx. Cut 
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y into L segments of about unit length, and assign to each a point h;* within 
distance R. Then d(h;*, hi+1*) < 2R+1). Now by discreteness of G'x, there are 
only finitely many h such that d(*,h*) < 2R + 1; letting C = max d(id, g) over 
such g, we have d(h;, hi41) < C, and thus d(id, g) < CL = Cd(«, gx). Thus f is 
a quasi-isometry. | 


Corollary 6.7 (Milnor, Švarc) If M is a closed manifold with a metric of 
negative curvature, then 7(M) has exponential growth. 


Quasi-geodesics. A quasi-geodesic in a metric space X is a quasi-isometric 
map 
y: [a,b] > X. 


Often we will take [a,b] = R. 


Examples. 


1. If y : [a,b] —> X is a geodesic and f : X — Y is a quasi-isometry, then 
f oy is a quasi-geodesic. 


2. Let y : R > C(G) be a geodesic in the Cayley graph of a group G = 
m™1(M), and let 
f :(C(G), id) > (M, *) 


be defined by f(g) = g* and by sending edges to geodesic segments. Then 
fo7 is a quasi-geodesic. 


3. Efficient taxis take quasi-geodesics along the grid of ‘streets’ connecting 
Z? C R?. These Manhattan geodesics are far from unique; e.g. there are 
(*") geodesics from (0,0) to (n,n). This example comes from the universal 
cover of a 2-torus. 


4. If y : R + H” is a C? curve parameterized by arclength, with geodesic 
curvature k(s) < ko < 1 at every point, then y(s) is a quasigeodesic. 
Indeed, the normal planes P(s) through y(s) advance at a uniform pace 
C, so 

d(y(s), (t)) > a(P(s), PŒ) > Clo) |s — tl. 


The borderline case is a horocycle, which is not a quasi-geodesic (in fact 
d(y(s), y(0)) grows like log s). On the other hand, a curve at constant dis- 
tance D from a geodesic in H? has curvature ko(D) < 1 (and is obviously 
a quasi-geodesic). 


5. The loxodromic spiral y : [0,00) + C given by y(s) = s!** is a quasi- 
geodesic ray with no definite direction; that is, argy(s) = log(s) moves 
around the circle an infinite number of times as s > oo. 


This y is not within a bounded distance of any Euclidean geodesic. 
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Lemma 6.8 For any closed conver set K C H”, nearest-point projection 7 : 
H” — K contracts by a factor of at least cosh(r) at distance r from K. 


Proof. First calculate ||d7(z)|| in the case where K is a geodesic in H?. We can 
normalize coordinates so K is the imaginary axis and z lies on the unit circle; 
then 7(z) =i. As a hyperbolic geodesic, the arclength parameterization of the 
unit circle is given by (tanh s, sech s), so Im z = sechr where r = d(z, K). Now 
the geodesics normal to K are Euclidean circles, so ||dr|| = 1 in the Euclidean 
metric. Thus the hyperbolic contraction is by a factor of Im(m(z))/Im(z) = 


coshr. 
The general case reduces to this one by considering a supporting hyperplane 
to K. E 


Theorem 6.9 Lety :R — H” be a quasi-geodesic. Then y is within a bounded 
distance of a unique hyperbolic geodesic. 


Proof. For convenience, assume y is continuous. For T > 0, let dr be the 
complete geodesic passing through y(—T) and y(T). Consider the cylinder 
B(õr,r) of radius r about ôr, and suppose (a,b) is a maximal interval for 
which q(a, b) is outside the cylinder. Then y(a),y(b) lie on the boundary of the 
cylinder, and the nearest point projection of y(a,b) to r is contracting by a 
factor of cosh(r). Thus, if |a — b| > R, we have 
a—b d(y(a), y(b Kja — b 

If we take r large enough that cosh(r) >> K?, then the inequality above implies 
|a — b| is not too large, and hence 4[a, b] stays close to dr. 

In other words, there is an absolute constant D such that y(—T,T) C 
B(ér,D). Since the space of geodesics within distance D of y(0) is compact, we 
can pass to a convergent subsequence and obtain a geodesic ô with y C B(ô, D). 

In hyperbolic space, distinct geodesics diverge, so 6 is unique. | 


6.4 Quasiconformal maps 


We now revisit the notion of a quasiconformal map from a geometric point of 
view. 

Let f : R” — R” be a homeomorphism (often required to preserve orienta- 
tion). For each sphere S = S(x,r), let 


max{d(f(y), f(x)) : y € S} 

min{d(f(y), f(x)) : y € S} 

We say f is geometrically quasiconformal if sup K (S) is finite. A homeomor- 
phism f : S” > S” is geometrically quasiconformal if sup K (S) is bounded in 
the spherical metric. 


K(S)= 
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Theorem 6.10 Let f be a quasiconformal homeomorphism of R” or S” with 
n > 2. Then: 


e f is analytically quasiconformal (f has derivatives in L? satisfying \|Df\|" < 
K|det Df| almost everywhere); 


e f is absolutely continuous (f(E) has measure zero iff E has measure zero); 
e f is differentiable almost everywhere; and 
e if Df is conformal a.e., then f is a Mobius transformation. 


For proofs, see [LV]. To convey the spirit of the passage between the geo- 
metric and analytic definitions, we will prove: 


Theorem 6.11 A quasiconformal map f : C > C is absolutely continuous on 
lines (ACL). 


This means that for any line L C C, the real and imaginary parts of f are 
absolutely continuous functions on L + t for almost every t € C. 


Proof. By making a linear change of coordinates in the domain of f, it suffices 
to show that Re f(a + iy) is an absolutely continuous function of x € [0,1] for 
almost every y. 

Consider the function A(y) = area f ([0, 1] x [0, y]). Since A(y) is monotone 
increasing, it has a finite derivative a.e. Choose y such that A’(y) exists; we will 
show F(x) = Re f(x + iy) is absolutely continuous for x € [0, 1]. 

Consider a collection of disjoint intervals J, ..., In in [0,1], with >> |Z| < €. 
We must show that X` |F (L)| < (e) — 0 as e 0. 

By subdividing the intervals, we can assume |J;| = h < € for all i, so nh =e. 
Let S; be the h x h square resting on J;. Since f is quasiconformal, we have 
area( f (S1)) x |Ji|?. Thus we have: 


(EN < nY nY areal (S) 
< narea(f([0,1] x ly, y + h])) =~ nhA' (y). 
Therefore X` |J;| = O(Vnh) = O(e/?). E 


Measuring quasiconformality. The natural measure of distortion for a 
homeomorphism f : C > C is the dilatation K(f). 

If f is R-linear, it maps circles to ellipses with major and minor axes M and 
m, and we define K(f) = M/m. For a general quasiconformal map, we define 
K(f) to be the least constant such that K(Df) < K(f) almost everywhere. 

Perhaps surprisingly, K(f) is not the same as sup K (S) over all spheres. For 
example, if f is given in polar coordinates by f(r,0) = (r%,6), with a > 1, then 
K(f) =a even though K(S) = 2% for the sphere S = {z : |z — 1| = 1}. 

The proper geometric definition of the dilatation is that K(f) is the least 
constant such that lim supo K(S(a,7r)) < K(f) almost everywhere. 
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The 1-dimensional case. The geometric definition of quasiconformality makes 
sense even in dimension one, and yields the useful family of k-quasisymmetric 
homeomorphisms f : R > R, satisfying sup K(S) < k for every sphere S. Of 
course a quasisymmetric map f is differentiable a.e. (since it is a monotone 
function) , but f need not be absolutely continuous. 


6.5 Quasi-isometries become quasiconformal at infinity 


Let f :H"*! = H”+! be a quasi-isometry. 

The extension F : S% + S% of f is defined as follows. Given x € S% , take 
a geodesic ray y landing at x, and let 6 be a geodesic ray that shadows the 
quasi-geodesic f o y; then F(x) is the endpoint of ô. 

It is easy to see: 


If f is close to the identity, then F is the identity. 


Thus if f is an isomorphism with quasi-inverse g, the extensions of f and g 
satisfy Fo G = Go F = id, so F is bijective. In fact we have: 


Theorem 6.12 The extension F : S% > S2 of a quasi-isometry f : H”+! > 
H+! is a homeomorphism. 


Proof. It suffices to show F is injective and continuous. Let us work in the 
Poincaré unit ball model, with H"+! = B"+! c R”+!, Composing with an 
isometry, we can assume f(0) = 0. 

Consider x,y € S% with |x — y| = e > 0. Let y be the geodesic joining x 
and y, and let ô be the geodesic shadowing f(y). Then the endpoints are ô are 
F(x) and F(y). Since the endpoints are distinct, F is injective. 

Moreover, d(0,y) = |loge| + O(1) in the hyperbolic metric, so we have 
d(0,6) > |loge|/K + O(1). Therefore |F(x)— F(y)| = O(e!/*), showing F is 
even Hélder continuous. E 


Corollary 6.13 Any quasi-isometry f :H"+! > H”+! is an isomorphism. 
Proof. Let F be the extension of f. Given z € H”*!, choose a geodesic 6 
through z with endpoints F(x), F(y), and let y be the geodesic from x to y. 


Then f(y) comes within a bounded distance of z, so f is essentially surjective 
and therefore it admits a quasi-inverse. E 


Theorem 6.14 The extension of a quasi-isometry f on H"*! is a quasiconfor- 
mal homeomorphism F on S%. 


Proof. To see F is quasi-conformal, we will show F (S(a,r)) has a bounded ratio 
of inradius to outradius for any small sphere S(a,r) C S%. For convenience we 
normalize so a = 0 and F fixes 0 and oo. Let |b| = |c| = r maximize the ratio 
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io) 


b F(c) o 


Figure 16. Geodesics, inradius and outradius. 


K = |F(c)/F(b)|. Then the geodesics [0,6] and [c,oo] are at distance O(1), 
while the geodesics [0, F(b)] and [F(c),co] are at distance about log K (see 
Figure 16). Since f is a quasi-isometry, f([0,b]) and f([co, c]) lie at a bounded 
distance from [0, F'(b)] and [oo, F'(c)], and from each other. Thus log K = O(1) 
and F is quasiconformal. | 


6.6 Mostow rigidity 


In this section we prove that a compact hyperbolic manifold of dimension 3 or 
more can be reconstructed from its fundamental group. 


Lemma 6.15 Let f : M —> N be a homotopy equivalence between compact 
Riemannian manifolds. Then the lift 


f:MON 
of f gives a quasi-isometric isomorphism between the universal covers of M and 


N. 


Proof. Let g: N —> M be a homotopy inverse to f, and let g : NM bea 
lift of g compatible with f. Then the homotopy h: of go f to the identity lifts 
to a homotopy h of go f to the identity. 

We can assume that f and g are smooth, so by compactness of M and N 
their lifts are K-Lipschitz for some K. Similarly, since h; is a lift of a homotopy 
on M, there is a D > 0 such that 


d(x,go f(x)) < diamhos(z) < D (6.1) 


for all x € M. Therefore go f is close to the identity. Similarly, fo g is close 
to the identity. It follows that f is a quasi-isometry. Indeed, we have the upper 
bound 


d(f(e), Fy) < Kd(a, y) 
since f is Lipschitz, and the lower bound 


d(x,y) < d(Go f(x), go f(y) - D < Kd(f(2), f(y) -D 


by (6.1). Similarly, J is a quasi-inverse for f. a 
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Remark. One can also argue that M and Ñ are quasi-isometry to 71 (M) 


and mı(N) in such a way that f is close to the quasi-isometric isomorphism 
fe: m1 (M) >m (N). 


Theorem 6.16 (Mostow) Let M” and N” be compact hyperbolic n-manifolds, 
n > 3, and let 
t: mTı( M”) > m(N”) 


be an isomorphism. Then there is an isometry I: M” > N” such that ce = Ix. 


Proof. The manifolds M and N are K(z,1)’s, so the isomorphism +: between 
their fundamental groups can be realized by a homotopy equivalence f : M —> 
N. By the preceding lemma, the lift f : H” — H” is a quasi-isometry, so its 
extension is a quasiconformal map F : $2>1 — $”>! conjugating the action of 
m™(M) to that of m(N). The map F is differentiable almost everywhere, by 
fundamental results on quasiconformal mappings. 

If DF is conformal almost everywhere then, since n > 2, F is a Mobius 
transformation. (This step fails when n = 2). Then F extends to an isometry 
T : H? + H” which descends to the desired isometry 1: M > N. 

Otherwise, DF fails to be conformal on a set of positive measure in S% 1. 
By ergodicity, DF is nonconformal almost everywhere. 

Now for concreteness suppose n = 3. Then the conformal distortion of 
DF(z) defines an ellipse in the tangent space T,$2, for almost every x. Let 
Ly C T,S2, be the line through the major axis of this ellipse. 

Define 0 : $2, x $2, — St as follows: given x,y on the sphere, use parallel 
transport along the geodesic joining x to y to identify T,$2, with T,52,, and 
let 0 be the angle between the lines Ly and Ly. 

Then @ is invariant under the action of mı(M), so by ergodicity of the 
geodesic flow it is a constant a.e. This means that if we choose coordinates 
on $2, so x = œ, then the lines Ly have constant slope for y € R2,. But almost 
any point can play the role of x, while it is clearly impossible to arrange the 
linefield L, to have constant slope in more than one affine chart on the sphere. 

The proof for n > 2 is similar. | 


Note. Mostow rigidity also holds for finite volume manifolds. 


6.7 Rigidity in dimension two 


Here is a version of Mostow rigidity that works for hyperbolic surfaces. 
Theorem 6.17 Let f : SL, — S} be an orientation-preserving homeomor- 
phism conjugating T to I’, where X = H/T and X’ = H/T” are finite-volume 
hyperbolic surfaces. Then f is either singular or absolutely continuous. In the 
absolutely continuous case, f must be a Mobius transformation. 
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Proof. For convenience we treat the case where X and X’ are compact. By 
hypothesis, there is an isomorphism . : F — I” induced by f. We first observe 
that if! =I” and z: is the identity, then f is the identity. This is because f must 
fix the attracting fixed-point of every g € I’, and such fixed points are dense on 
Sk. 

By ergodicity of the action of I on the circle, f is either absolutely continuous 
or singular. We will show that in the former case, I is conjugate to I’ inside 
G = Isom H; in other words, X = X’. To this end, we identify $1, with R and 
choose coordinates so that f(00) = oo. Then f : R > R is a homeomorhism; in 
particular, f’ exists a.e. 

Our hypothesis of absolutely continuity implies that f = f f’; in particular, 
f'(x) # 0 for some x. We can assume x = 0 and f’(0) = 1. Let A,(x) = nz. 
Then fn = AnfA;! converges to the identity map f(x) = x uniformly on 
compact sets. Moreover fn intertwines the actions of certain conjugates I'n and 
I’, of our original Fuchsian groups. Since G/T and G/T’ are compact, we can 
pass to a subsequence so these conjugates converge, say to Fa and I,,. Since 
foo(x) = x, we have ræ = Th and hence X = X’. 

The same proof shows the isomorphism z : Ir — I’ induced by the original 
map f is given by conjugation by an element g € G. Thus our initial remarks 
show f = g. a 


6.8 Geometric limits 


For another viewpoint on Mostow rigidity, we introduce in this section the 
geometric topology on baseframed hyperbolic manifolds. 

For any topological space X, let Cl(X) be the set of all closed subsets of X. 
When X is a compact Hausdorff space, we introduce a topology on Cl(X) by 
defining Fa > F iff 


e for any open set U D F, we have Fẹ C U for all a > 0; and 
e for any open set with U N F £9, we have FaN U £9 for all a> 0. 
Theorem 6.18 If X is a compact Hausdorff space, then so is Cl(X). 


Next suppose X is only locally compact and Hausdorff. Then the one- 
point compactification X’ = X U {oo} is compact, and there is a natural map 
C1(X) > Cl(X’) by sending F to F U {co}. Under this inclusion, Cl(X) is 
closed, so it becomes a compact Hausdorff space with the induced topology. 
Example. In CI(R), the intervals J, = [n,oo) converge to the empty set as 
n — ow. 

Now suppose G is a Lie group. The set of all closed subgroups of G forms a 
compact subset of Cl(G). If H, H, are subgroups, we say Hn > H geometrically 
if we have convergence in the Hausdorff topology. 

Finally let G = Isom(H”). Recall that every baseframed hyperbolic manifold 
(M,w) determines a torsion-free discrete group I C G, and vice-versa. We say 
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(Mn, wn) converges geometrically to (M, w) if the corresponding Kleinian groups 
satisfy T,, >T in Cl(G). 


Theorem 6.19 The set H? of baseframed hyperbolic manifold (M,w) with in- 
jectivity radius > r at the basepoint is compact in the geometric topology. 


If we fix a hyperbolic manifold M, then we have a natural map FM —> Cl(G) 
sending each w in the frame bundle FM to the subgroup ['(M,w). This map is 
continuous. In particular, if M is compact, then the set of baseframed manifolds 
(M,w) that can be formed from M is compact in the geometric topology. 

We can now offer a proof of the last step of Mostow rigidity that does not 
make reference to ergodic theory of the geodesic flow. 


Theorem 6.20 Let M = H?/T be a compact hyperbolic 3-manifold, and let 


n 


u E€ M(C) be an L® T-invariant Beltrami differential. Then u = 0. 


Proof. Suppose u Æ 0. Then, by a variant of the Lebesgue density theorem, 
there exists a p € C such that u(p) Æ 0 and yp is almost continuous at p. That 
is, if we write u = 4(z) dz/dz, then for each «€ > 0 we have 


im Mt BOr) + Ine) -uol > 4 _ 
ra m{B(p,7)) | 


By a change of coordinates, we can assume that p = 0. Let (0) = a. Then for 
gt(z) = tz, we have the weak* limit 


7 Gyles 
= p(tz) — > v =a — 
HSH iz 


as t > 0. Concretely, this means 
i. Ges f y(tz)4(2) ldz? > J a- $(2) ldz} 


for every L! measurable quadratic differential ¢ = ¢(z) dz?. 
Since p is T-invariant, g (u) is invariant under 


ri = gi (T) = gy Toe 


These conjugates [ correspond to the baseframed manifolds (M, w+) as w 
moves along a geodesic. Since M is compact, we can pass to a subsequence such 
that T; —> I’, where I’ is a conjugate of I’. Indeed, T; only depends on the 
value of [g+] in the compact space T\G. 

Then v is invariant under I’. This implies I’ fixes the point z = oo, since 
oo is the only point at which v is discontinuous. Therefore T” is an elementary 
group — which is impossible, since in fact every orbit of I’ on C is dense. m 


Pushing this argument further, one can show: 


Theorem 6.21 Let M? = H/T be a hyperbolic manifold whose injectivity ra- 
dius is bounded above. Then M? is quasiconformally rigid: the only measurable 
T-invariant Beltrami differential u E€ M(C) is u = 0. 


See [Mc5, Thm. 2.9]. 
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6.9 Promotion 


The basic mechanism of Mostow rigidity is promotion: we can use the expanding 
dynamics of a cocompact group to promote a point of measurable continuity to 
a point of topological continuity. 

Here are two simpler results with the same promotion principle at work. 


Theorem 6.22 Let M = H"/T be a compact hyperbolic manifold. Then the 
action of T on S% t is ergodic. 


Proof 1. Let A C S% ! be a T-invariant set of positive measure. Then A has 
a point of Lebesgue density p € Rẹ% t; that is, 


lim m(B(p,r) N A) 


ro aB 


We may assume p = 0. Let gn(£) = z/n; then gn € G = Isom(H”). Since 0 is 
a point of density, we have gž (xa) — 1 in the weak* topology on L™($2>1). 
Since G/T is compact, we can write gn = Ynhn with Yn € T and hn in a compact 
subset of G. Then passing to a subsequence, we have hn > h, and therefore 


MXA) = han Xa) = Pn (xa) > h* (xa). 
Therefore h*(y4) = 1, which shows y4 = 1 and A has full measure. Thus [ 
acts ergodically. E 


Proof 2 (Ahlfors). Let A C S% t be a T-invariant set of positive measure. 
Then the harmonic extension of x4 to H” descends to a harmonic function 
u: M —> R. By the maximum principle, u is constant, and thus A = S% 1. E 


Theorem 6.23 Let f : X — Y be a homotopy equivalence between a pair of 
compact hyperbolic surfaces, and let 


F: SŁ —> Sh 


be the boundary values of T Then either F’ = 0 almost everywhere, or f is 
homotopic to an isometry. 


Proof. Write X = H/T and Y = H/T’. Suppose F'(p) # 0. By a change 
of coordinates, we can assume p = F(p) = 0 € R}. Let a = F’(0) and 
9n(x) = a/n. Then we have 


F(z) = 9,10 F o gn(x) = nF (x/n) > F(x) = ar 


uniformly on compact sets. That is, the blowups of F yield in the limit the 
boundary values F% of an isometry of H?. 

Now F,„ conjugates Tan = g; Tgn to T} = g} 'T'gn. By compactness of X 
and Y, we can pass to a subsequence such that F'n and I’, converge geometrically 
to groups læ and T% that are conjugates of I’ and I’. Then Fæ conjugates 
To to T% , so X and Y are isometric. With more care one can check that the 


isometry is in the homotopy class of f. E 
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Notes. Bowen used this fact to prove that the limit set of a quasifuchsian group 
is either a round circle or a Jordan curve of Hausdorff dimension d > 1 [Bo]. 


6.10 Ahlfors’ finiteness theorem 


We now turn to results which control much more general hyperbolic 3-manifolds, 
with the constraint that MÌ = H/T is compact replaced by the assumption 
that mı (M?) is finitely-generated. 

Recall that the action of a Kleinian group on its domain of discontinuity Q 
is properly discontinuous. 


Theorem 6.24 (Ahlfors’ finiteness theorem) LetI C Isom* (H) be a finitely- 
generated torsion-free Kleinian group. Then the quotient complex 1-manifold 

X = Q/T is isomorphic to the complement of a finite set in a finite union of 
compact Riemann surfaces. 


Corollary 6.25 The components of Q fall into finitely many orbits under the 
action of T. 


Corollary 6.26 The domain of discontinuity has no wandering domain; in 
fact, the stabilizer TU of any component U is infinite. 


If T is elementary, then Q/T is isomorphic to (oe C, C* or a torus C/L, so 
the conclusion of the finiteness theorem holds. 

Let us assume from now on that IT C Aut(C) is an N-generator nonelemen- 
tary Kleinian group. This condition implies that the centralizer of I in Aut(C) 
is finite, and some of the results below will hold under that slightly weaker 
hypothesis. 

We will start by proving the slightly weaker statement established in Ahlfors’ 


original paper [Ah1]: 
Theorem 6.27 IfT has N generators, then dim Teich(Q/T) < 3N —3. 


Remarks. The bound is sharp: an N-generator Schottky group has quotient 
surface X of genus g = N, satisfying dim Teich(X) = 3g — 3. 

While it is true that any connected Riemann surface of infinite hyperbolic 
area has an infinite-dimensional Teichmiiller space, the result above does not 
exclude the possibility that X contains infinitely many components isomorphic 
to the triply-punctured sphere Y = C — {0, 1, 00} (since dim Teich(Y) = 0). 

The proof has two main ingredients — the cohomology of deformations, and 
an estimate for quasiconformal vector fields. 


Cocycles and group cohomology. Let G be a group, and A a G-module. A 
1-cocycle is a map £: G > A such that 


Elgh) = €(g) + 9° €(h). 
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Such a cocycle is also called a crossed homomorphism, since it coincides with a 
homomorphism when G acts trivially on A. A 1-coboundary is a cocycle of the 
form 
&(g) =g-a—a 

for some a € A. The quotient space, (cocycles) /(coboundaries), gives the group 
cohomology H'(G, A). 

One can view the group H! (G, A) as classifying affine actions of G on A of 
the form g(a) = g -a + E(a), up to conjugacy by translation. This explains the 
cocycle rule: we need to have 


(gh)(a) =gh-a+€(gh) = g- (h-a + E(h)) +€(g) = gh-a +g- Elh) + Elg). 


The action g(a) = g-a is considered trivial. It is conjugate to g(a + b) — b = 
g-a+ (g-b-— b), so the coboundary é(g) = g - b — b is also considered trivial. 
Holomorphic vector fields and deformations. Let G = PSL2(C), and let 
A = sl2(C) be the Lie algebra of holomorphic vector fields on the sphere. We 
have dim sl2(C) = dim G = 3. The adjoint action makes A into a G-module. 
We can regard an element X € sl2(C) as a matrix or as a vector field, in terms 
of which the action can be written 


g- X =9Xg™" = 9.(X). 
Lemma 6.28 Jf T is a nonelementary N-generator Kleinian group, then 


dim H! (T, slo(C)) < 3N — 3. 


Proof. The space of cocycles is at most 3N dimensional since a cocycle is 
determined by its values on generators. Since the centralizer of I is trivial, 
the space of coboundaries is isomorphic to sl2(C), hence 3-dimensional. The 
difference gives the bound 3N — 3. E 


The group H1(I, sl2(C)) can be interpreted as the tangent space to the 
variety of homomorphisms from T into G, modulo conjugacy, at the inclusion. 
That is, if pø : T — G is a 1-parameter family of representations, with po = id, 
and we set 


E(g) = £ plo), 


then €(g) gives a cocycle with values in slə(C). This cocycle is a coboundary iff 
to first order we have p:(g) = yego} ', i.e. if the deformation is by conjugacy. 


From Beltrami differentials to cocycles. Now let M(X) be the space of 


L° Beltrami differentials on X, or equivalently the space of T-invariant u on C 
supported on 2. We now define a natural map 


ô: M(X) > H! (T, sl2(C)). 
Namely, we solve the equation ðv = u and set du = € where 


&(9) = g+ (v) — v. 
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Since p is T-invariant, we have 0£(g) = 0, so €(g) is indeed a holomorphic vector 
field and therefore an element of sl2(C). Note that the solution to Ov = yp is 
only well-defined modulo siz(C), but changes v by an element of sl2(C) only 
changes é by a coboundary. 

The idea of the construction is that y € M(X) should correspond to Rie- 
mann surface X,, complex structure deformed infinitesimally in the direction p, 
plus a quasiconformal map f : X —> X, with complex dilatation an infinitesimal 
multiple of u. Since f is infinitely close to the identity, it should be represented 
by a vector field v. But the vector field does not quite live on X, because the 
target of f is X, rather than X. On the universal cover, v is really well-defined, 
and its failure to live on X is measured by the cocycle €(g). 


Quadratic differentials. Let Q(X) be the Banach space of holomorphic 
quadratic differentials on X with finite L'-norm: ||¢|| = fy |¢|. There is a 
natural pairing M(X) x Q(X) > C given by 


($, u) = J ou. 


Since (¢, 6/|¢|) = f lẹ], the pairing descends to a perfect pairing on M(X)/Q(X)+x 
Q(X). The quotient pairing is exactly that between the tangent space Tx Teich(X) 
and the cotangent space Q(X) = T Teich(X). 

Let us say pp € M(X) is trivial if u € Q(X)+; that is, if [ud = 0 for all 
@ € Q(X), or equivalently if [u] represents the zero tangent vector to Teichmüller 
space. 

Let V(X) be the space of quasiconformal vector fields on X, and let ||v||x = 
sup px (z)|u(z)| denote the supremum of the hyperbolic length of v. 


Lemma 6.29 Jf ôu =0, then Ov = u has a T-invariant solution vanishing on 
the limit set. 


Proof. If du = 0, then we can modify any solution v by a holomorphic vector 
field to obtain €(g) = 0 for all g; then v is T-invariant. Now if z € Aisa 
hyperbolic fixed-point of an element g € I, then g’(z) 4 1, so the condition 
gx(v) = v implies v(z) = 0. Such points are dense in the limit set, so v|A = 0. 


Lemma 6.30 Let v be a quasiconformal vector field on Z = C= {0,1, co}, 
vanishing at 0, 1 and oo. Then ||v||z, the maximum speed of v in the hyperbolic 
metric on Z, is finite. 


Proof 1. The vector field v has an |x log x| modulus of continuity, which exactly 
balances the 1/|xlogæ| singularity of the hyperbolic metric at the punctures 
0,1, 00. 

Proof 2. The Teichmüller space of the 4-times punctured sphere is isometric 
to Z by the cross-ratio map. Thus the hyperbolic length of v(z) is the same 
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as the Teichmiiller length of the deformation of om {0, 1,00, z} defined by Ou, 
which is controlled by ||Ov||oo. 


Proof 3. Let u = dv. By linearity we can assume ||u||.0 = 1. Let ġe : CC 
be the unique holomorphic motion fixing 0, 1 and oo and with u(t) = tu. Then 
f(t) = ¢:(z) gives a holomorphic map f : A > Z. By the Schwarz lemma, with 
w = d/dz, we have 


llo(2)Ilx = |DFW)ILx < lwla = 2. 


Corollary 6.31 Ifv is a quasiconformal vector field on a domain Q C C, and 
v|OQ = 0, then |lv|la is finite. 


Proof. At any point z € Q we can find three points {a,b,c} in Q such that 
the hyperbolic metric on Q at z is comparable to the hyperbolic metric on 
C — {a,b,c}. But the length of v(z) in the hyperbolic metric on C — {a, b, c} is 
bounded. E 


Lemma 6.32 Ifv € V(X) has ||vl|x < œ then u = Ov is trivial. In other 
words, if v has bounded hyperbolic speed, then f ud =0 for all d € Q(X). 


Proof. Let p be the hyperbolic metric on X, and fix ¢ € Q(X). Let Xo be a 
component of X, and consider a large ball B(p,r) C Xo. Then we have 


a lal = a f sa Ke <o 


Integrating by parts and using the fact that 0¢ = 0, we find: 


= AON i a 


Now the sup-norm of pv is bounded, while the L+-norm of |¢|/p tends to zero as 
r — 00, so we can conclude that f Xo pôv = 0. Since Xo and ¢ were arbitrary, 


we find u = Ov € M(X) is trivial. | 


Proof of Theorem 6.27. By the preceding lemmas, we have 
Kerd c Q(X)-. 
Indeed, if ôu = 0, then u = Ov for a T-invariant v vanishing on OQ = A. Then v 


descends to a quasiconformal vector field on X with boundary hyperbolic speed, 
and hence u = Ov is trivial, i.e. u belongs to Q(X)+. 
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Since the pairing between Q(X) and M(X)/Q(X)+ is perfect, we have: 
dimQ(X) = dimM(X)/Q(X)+ 

dim M(X)/ Ker6é 

dim H! (T, slo(C)) < 3N — 3. 


IA IA 


Notes. Ahlfors’ finiteness theorem fails for hyperbolic 4-manifolds; see [KP]. 
For another viewpoint on boundedness of ||v||2 when v|JOQ = 0, one can use 

the fact that a quasiconformal vector field has modulus of continuity «| log z|, 

while the hyperbolic metric near a puncture is at worst like |dz|/|z|| log z|. 


6.11 Bers’ area theorem 


Theorem 6.33 (Bers) LetT be a nonelementary N-generator Kleinian group. 
Then the hyperbolic area of X = Q(T)/T is finite; in fact we have 


area(X) < 4r(N — 1). 


Remark. By Gauss-Bonnet, once we know X has finite hyperbolic area, we 
have area(X) = 2r|x(X)|, and thus |x(X)| < 2N — 2. Again this inequality is 
sharp for a handlebody of genus g: we have N = g and x(X) = 2 — 2g. 

Proof. We follow the same lines as Ahlfors’ finiteness theorem, but replace 
the space slo(C) = H°(C,O(2)) of holomorphic vector fields with the space 
Va = H? (C, O(2d)) of holomorphic sections of the dth power of the tangent 
bundle to Ĉ. 

Then a typical element of Vg has the form v = v(z)(0/0z)¢, and we have 
dim Vz = 2d + 1. As before, the space of 1-coboundaries is isomorphic to Vg, so 
we have 

dim H! (T, O(2d)) < (2d+1)(N — 1). 


Then ðv = p is a (—d, 1)-form. 

For the analytical part, let Ma(X) denote the measurable (—d,1)-forms on 
X which are in L% with respect to the hyperbolic metric. Similarly let Qa(X) 
denote the L! holomorphic sections ¢(z)dz¢+! of the (d + 1)st power of the 
canonical bundle on X. Then there is a natural pairing between Ma(X) and 
Qa(X) as before. 

We define 

ôq : Ma(X) =p ALL, Va) 
as before: by solving dv = p and taking the resulting cocycle. Note that the lift 
of u to 2 satisfies 
sup p* *(z)|"(z)| < co 

where the hyperbolic metric p(z)|dz| satisfies p(z) => co near OQ. Thus p is 


locally in L% and the -equation is solvable. (For example, any u € M(H) 
satisfies u(z) = O(y*').) 
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We have ôu = 0 iff there is a T-invariant solution to ðv = pu. In this case, 
v = 0 on A and one can again show v is bounded in the hyperbolic metric. Then 
integration by parts can be justified, showing u € Qa(X)+. In conclusion, we 
find dim Qa(X) < (2d+1)(N — 1). 

Now let us examine the integrability condition on ¢ = ¢(z)dz¢+!. On the 
punctured disk, the hyperbolic metric is given by p = |dz|/|zlogz|. So if we 


have 
1 p' “|| < œ 
U 
for some neighborhood U of z = 0, then ¢ has at worst a pole of order d at 
z=0. 


Thus if X = X — P, where X is a compact surface of genus g and |P| = n, 
then Qa(X) = H°(X,O((d+ 1)K +dP)), where K is a canonical divisor. We 
have deg(K + P) = 2g — 2 +n = |x(X)|. By Riemann-Roch, the dimension 
of Qa(X) agrees with the degree of the divisor d(K + P), up to an additive 
constant, so we have 


dim Qa(X) = d|x(X)| + O(1). 
Comparing with the dimension of the group cohomology, we find 
d|x(X)| < (2d+ 1)(N — 1) 4+ O(1). 


Dividing by d and letting d — oo we get the area theorem. a 


Notes. Bers’ theorem is proved in [Bers1]. The case of a Schottky group again 
shows the bound is sharp. 

It is desirable to have a geometric interpretation of the cohomology H! (T, O(d)), 
generalizing the case H'([,O(2)) which measures deformations of I inside 
PSL2(C) and which appears in Ahlfors’ finiteness theorem. Such an interpre- 
tation has been developed by Anderson. The idea is to use the embedding 
Pt — P” as a rational normal curve to extend the action of to P”, and then 
investigate its deformations inside PGL,+41(C). See [And]. 

For example, SL2(Z) acts on both RP! and RP? = PR?*!. The latter action 
comes from the Klein and Minkowski models for hyperbolic space. The action 
of P! is rigid but the action on P? admits deformations; see [Sch]. 


6.12 No invariant linefields 


Let T C Isom(H?) be a finitely-generated Kleinian group. In this section we will 
show: 


Theorem 6.34 (Sullivan) The limit set A(T) supports no measurable, T-invariant 
field of tangent lines. 


Equivalently, if uw € M (C) is a T-invariant Beltrami differential, and if u = 0 
outside A, then u = 0 a.e. 
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Let Jg(x) = |y7’(x)|? denote the Jacobian determinant of g at x for the 
spherical metric. If Jg(x) = 1 on a set of positive measure, then g is an isometry 
in the spherical metric and g has a fixed-point in H*. Since T is torsion-free, we 
conclude that for almost every x, the map 


g= Jg(x) 


gives an injection of T into (0,00). 

We begin with a general analysis of the action of I on an invariant set E C C 
of positive measure. The measurable dynamical system (T, Æ) is conservative 
if for any A C E of positive measure, we have m(A N gA) > 0 for infinitely 
many g ET. At the other extreme, (T, Æ) is dissipative if it has a ‘fundamental 
domain’ F C E, meaning E = Up, gF and m(F N gF) = 0 for all g # e. 

Example: f(z,t) = (e? x,t) gives a conservative action of Z on E = S! x 
(0, 1]. Note that f is far from ergodic. 


Lemma 6.35 Let C= {x € E : X pJglx) = co} and let D = E-— C. Then 
([,C) is conservative and (T, D) is dissipative. 


Proof. Suppose A C C has positive measure but m(A N gA) = 0 for all g 
outside a finite set Go C G. Then any point of C belongs to at most n = |Go| 
translates of A. It follows that 


JE Ie) < n-m(C)< œ, 
A 


contrary to the definition of C. Thus (T,C') is conservative. 

To show (T, D) is dissipative, let F C D be the set of y such that Jg(y) < 1 
for all ge Tr. Clearly gF is disjoint from F for g 4 e, because Jg~+(g(y)) = 
1/Jg(y) > 1 for all g(y) E€ gF. 

Now for almost any x € D, the values {Jg(a) : g E T} C R are discrete 
(by summability) and correspond bijectively to the elements of r. Thus there 
is a unique g maximizing Jg(x), and therefore y = g(x) belongs to F. Thus 
Ur gf = D and (T, D) is dissipative. 


Lemma 6.36 Let T C Isom(H) be a finitely-generated Kleinian group with 
limit set A. Then (I, A) is conservative. 


Proof. Suppose not. Then there is a set D C A of positive measure such that 
(T, D) is dissipative. Let F C D be a measurable fundamental domain for I, 
and let M(F) c M(C) denote the space of L® Beltrami differentials supported 
on F. Each u € F can be freely translated by I to give a T-invariant Beltrami 
differential u’ supported on D C A. Thus the space M(A)! of T-invariant 
differentials supported on the limit set is infinite-dimensional. 


On the other hand, the natural map 
6: M(A)’ > H+! (T, sl2(C)) 
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is injective. Indeed, if ôu = 0, then the equation Ov = p has a solution vanishing 
on A, which implies u = 0 on A. Since T is finitely-generated, the cohomology 
group on the right is finite-dimensional, so we obtain a contradiction. | 


Lemma 6.37 Let (T, E) be conservative and fix e > 0. Then there is ag € 
T — {e} such that |Jg(x) — 1| < € on a set of positive measure. 


Proof. Suppose not. Then we can find € > 0 such that |Jg(x)— 1| < € => 
g = e a.e. Therefore the image of g++ Jg(zx) is discrete a.e.: since if Jg(x) and 
Jh(x) are close, then J(hg~*)(y) is close to one at y = g(x). 

Let Ey = {x : Jg(x) > 1Vg €T}. Then g(£,)N E, =O for any g £ e, 
since J(g~')(g(x)) = 1/Jg(x) < 1 for x € E}. By conservativity, we have 
m(E,) = 0. By similar reasoning, we conclude that for a.e. x there are unique 
elements g_,g4 €T (depending on x) such that 


Jg-(x) <1< Jg+(x) 


and no elements have Jacobians closer to 1 at x. Then the maps F+ : E > E 
defined by F(x) = g+(x) are inverses of one another, so both are injective. 
But F, is uniformly expanding, which is impossible since the total measure of 
E is finite. a 














Inducing. The preceding result is obvious if Æ = $2,. Indeed, for any g € 
Isom H’, the Jacobian Jg(a) is continuous and J. Jg = 1, so the Jacobian is 
close to one on a set of positive measure. 7 

For applications it is useful to have the following stronger statement. 


Lemma 6.38 Let (T, E) be conservative and fix e > 0 and a set F C E of 
positive measure. Then there is ag ET — {e} and a set of positive measure 
AC F such that g(A) C F and |Jg(x) —1| < € for alla € A. 


The most conceptual formulation of this result is via inducing. First we must 
generalize our setting. A partial automorphism g : E --+ E is an invertible 
measurable map whose domain and range are in EF. A collection of partial 
automorphisms G' forms a pseudo-group if whenever the composition g o h of 
g,h € G is defined on a set of positive measure A, we have go h = k|A for 
some k € G. We say (G, E) is conservative if whenever m(A) > 0, we have 
m(AMg(A)) > 0 for infinitely many g € G. 

Now suppose T is a group acting on an invariant set E, and suppose F C E 
has positive measure. Let 


G=T|F={glF NAg! (F) : ger}. 
Then G is a pseudo-group acting on F. If (T, E) is conservative, so is (G, F). 


It is then easy to see that Lemma 6.37 applies just as well to pseudo-group 
actions. Applying the Lemma to [|F yields Lemma 6.38. 
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Theorem 6.39 Let T be any Kleinian group, and suppose (T, E) is conserva- 
tive, E CC. Then E supports no T-invariant linefield. 


Remark. For this Theorem we do not assume T is finitely generated. This 
very general statement shows that the T-invariant complex structure is unique 
on the conservative part of the dynamics; any variation must be supported on 
the dissipative part, where it can be freely specified in a measurable fundamental 
domain. 

Proof. Suppose to the contrary that E supports a T-invariant line field, spec- 
ified by a Beltrami differential with |u| = 1. Fix a small € > 0. Choose coor- 
dinates so that z = œ is not fixed by any g # e in T. Writing u = pu(z)dz/dz, 
we can find a compact set of positive measure K C C on which the linefield has 
nearly constant slope. Rotating the linefield, we can assume the slope is nearly 
one, i.e. |u(z)— 1| < e for all z € K. 

Almost every point of K is a point of Lebesgue density. So shrinking K, we 
can assume there exists an ro > 0 such that for any z € K and r < ro, we have 
|u(w) — 1| < € for 99% of the points w € B(z,r) 

By the measure-theory Lemma above, for any ô > 0 there is a z € K and 
g £ e in T such that g(z) € K and |Jg(z)— 1| < 6. (In fact there is a positive 
measure set of such z, but only one is necessary to get a contradiction.) Since 
g(co) Æ œ, we can write g = I o R where I: C > C is a Euclidean isometry 
and R : C + C is a reflection through a circle S = S(c, s). 

Now the Möbius transformation g is determined by its 2-jet, g(z), g'(z) and 
g(z). The first two terms range in a compact set. By taking K small, we can 
exclude g from any finite subset of T, so g”(z) must be large. But this means 
the radius s of S is small. So with a suitable choice of 6, we can assume s <r. 
Since Jg(z) = JR(z) = s?|z—c|~? is close to one, the point z lies in the annulus 
A= {w : 8/2 <|w—c| < 2s} about S, which satisfies R(A) = A. 

But it is clear that R sends the parallel linefield on A to a linefield that is 
very far from parallel. On the other hand, g(A) = I(R(A)) = I(A) is isometric 
to A, so it still has diameter 2s < r and it contains g(z) € K. Thus |A and 
u|g(A) are both nearly 1, which is impossible. | 


Notes. 


1. Sullivan’s proof appears in [Sul2]; see also [Ot, Ch. 7]. One of its first 
applications, as explained in [Ot], was in the endgame of Thurston’s con- 
struction of hyperbolic structures on 3-manifolds that fiber over the circle. 
For a survey of the ergodic theory of Kleinian groups, see [Sul3]. 


2. Attached to any measurable dynamical system (T, E) there is a von Neu- 
mann algebra A. To construct A, one first forms a bundle of Hilbert 
spaces H — E/T whose fiber over Fx is (Tx). Then A is the space of 
L@ sections of the bundle of operator algebras B(H). 

One can also describe A as a space of matrices of the form T = (Tapy) 
with z,y E€ E, such that T,, = 0 unless x and y lie in the same orbit. 
Composition is defined by (ST)... = ey Say lye: 
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The space L® (E) forms the commutative subalgebra of diagonal operators 
in A. That is, for each x € E and f € L®(E), we have a bounded operator 


F, : C(x) > L (Te) 


defined by F,,(ayx) = f(yx)ayz, and these fit together to give a section of 
B(H). The group I also embeds in A, acting by a unitary shift of each 
Hilbert space (Tx). 

The center of A corresponds to L®(E/T), so A is a factor (the center is 
trivial) iff (T, E) is ergodic. It can also be shown that A admits a trace (a 
linear functional satisfying tr(ab) = tr(ba) and tr(1) = 1) iff (T, E) admits 
an invariant measure. In this case, (T, E) is said to be a factor of type 
IL. 


The proof that A supports no T-invariant line field (when I is finitely 
generated) also shows that (I, A) is an algebra of type JII, — it admits 
no invariant measure, and the ‘ratio set’ of Radon-Nikodym derivatives is 
dense in R* for measure equivalent to Lebesgue. 


3. A nice example of an infinitely-generated group I which is quasiconfor- 
mally rigid is the group generated by reflections in a hexagonal packing 
of circles in C. Here the quotient Riemann surface 2/T is a countable 
union of triply-punctured spheres (corresponding to the interstices in the 
packing), so its Teichmiiller space is trivial. 


A fundamental domain F for T is the region above the hemispheres resting 
on the circles in the hexagonal packing. The set E = F N $2, is just the 
closure of the union of the interstices, and it serves as a fundamental 
domain for the dissipative part of the action on $2,. Since m(EN A) = 0, 
the action on the limit set is conservative, so M(A) = 0. Therefore IF is 
rigid. 

Using the fact, one can show that circle packings furnish an algorithm 
for the construction of Riemann mappings [RS]. This algorithm has been 
used to apply conformal mappings to the human brain. 


6.13  Sullivan’s bound on cusps 


Theorem 6.40 (Sullivan) Let T be a nonelementary N generator Kleinian 
group. Then the number of cusps of M = H3/T is at most 5N — 5. 


The idea of the proof is similar to the proof of Bers’ area theorem, but with 
an analytical twist: we allow distributional Beltrami coefficients. 

More precisely, let C C A be the countable set of cusps of I, i.e. fixed-points 
of parabolic elements. Let M,(C) be the vector space of T-invariant (—d, 1)- 
forms on C with the quality of measures. That is, y E€ Ma(C) is locally of the 
form p(z)dz/(dz)4, where ju(z) is a measure supported on C. 


Theorem 6.41 For d > 2, we have dim Ma(C) = |C/T]. 
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Proof. We claim that for any cusp c € C, 


dE Io? < ox. 


T/re 


Here Te is the stabilizer of c. Note that y'(c) is well-defined since y/(c) = 1 
for y € re. Then ||7‘(c)|| is bounded above by the Euclidean volume of the 
horoball (in the ball model for HÌ) resting on y(c). Since these are disjoint we 
get convergence. 

Now consider, for c € C, the measure-differential ye = 6(z — c)dz/(dz)?. 
Then || transforms by |y'(c)|?+¢ (the 2 comes from the action on area densities 


the sphere), so 
u= a 5 Y* He 
re 


converges to an element of Ma(C) supported on Tc. Since ws with different 
supports are linearly independent, we obtain the bound on dim Ma(C). E 


Proof of Theorem 6.40. Solving the -equation, we have as usual a cocycle 
map 6: Ma(C) + H+ (T, Va). We claim 6 is injective. Indeed, if Ju = 0, then 
Ov = u for some T-invariant d-field v = v(z)(d/dz)¢. Since the fundamental 
solution 1/z to the -equation p is in Lj, so is v. Now v is holomorphic on Q, 
so it vanishes there — the Riemann surface Q/T admits no holomorphic vector 
fields or d-fields. On the other hand, v also vanishes on the limit set by a variant 
of the no-invariant linefields theorem. Thus v = 0. 


Taking d = 2, we find 
|C/T| = dim M2(C) < dim H! (T, V2) < 5N — 5. 


Note. Sullivan’s bound on the number of cusps appears in [Sull]. (In this 
reference, the bound of 5N — 5 is misstated as 5N — 4.) 


6.14 The Teichmüller space of a 3-manifold 


Let M be a compact 3-manifold. A convex hyperbolic structure on M is a 
Riemann metric g of constant curvature —1 such that OM is locally convex. 
Equivalently, for any homotopy class of path y between two points in int(M), 
the shortest representative of y also lies in int(M). 

Given such a metric, the developing map M > H” is injective and its image 
is convex. Thus (M,g) can be extended to a complete hyperbolic manifold N 
in a unique way. The manifold N = H"/T is geometrically finite and indeed 
conver cocompact: that is, the convex core of N, given by 


core( N) = hull(A)/T C N, 
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is compact. 
Conversely, for any convex cocompact hyperbolic manifold N, a unit neigh- 
borhood M of its convex core carries a (strictly) convex hyperbolic structure. 
We can complete N to a Kleinian manifold 


N = (H” U Q)/T, 


with a complete hyperbolic metric on its interior and a conformal structure on 
its boundary. The manifolds M and N are homeomorphic. 

In analogy with the Teichmüller space of a Riemann surface, given a compact 
oriented 3-manifold M, we can consider the space GF'(M) of all geometrically 
finite hyperbolic manifolds marked by M. 

A point (f, N) € GF(M) is represented by a homeomorphism 

f:MON, 


where N is an oriented Kleinian manifold, and f respects orientations. As usual, 
two pairs (f1, N1), (f2, N2) are equivalent if there is an orientation-preserving 
isometry 1: Ny > No2 and anh: M —> M homotopic to the identity such that 


M —; N, 


"| ‘| 
M atiy N> 
commutes. 


Theorem 6.42 Let M be a compact 3-manifold admitting at least one convex 
hyperbolic structure. Then there is a naturally isomorphism 


GF(M) & Teich(OM) 
given by 
(N, f) + (ON, f|OM). 


6.15 Hyperbolic volume 


Let 1(@) = — Ie log |2 sin t| dt be the Lobachevsky function. An ideal tetrahe- 
dron T(a, 8,7) is determined by its dihedral angles, which sum to 7. 


Theorem 6.43 The hyperbolic volume of T(a, 8,7) is given by n(a) + a(8) + 
n(7). 


Idea of the proof. 


Corollary 6.44 The regular tetrahedron has maximum volume. 


Proof. By Lagrange multipliers, at the maximum of n(@) + (8) +.1(7) subject 
toa+8+-7 = 7 we have m’(a) = a’(G) = n’(y). Since a’(0) determines 
| sin 0|, this means sin(a) = sin(G) = sin(y). By the law of sines, this means the 
associated triangle is equilateral. a 
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Figure 17. Dissection of an ideal tetrahedron into 6 pieces. 


Ideal octahedron, Whitehead link, Apollonian gasket, Scott’s theo- 
rem. 


Theorem 6.45 Surface groups are LERF. 


This means every finitely generated subgroup of mı (£g) comes from a sub- 
surface of a finite-sheeted covering space. 


Corollary 6.46 Every closed geodesic on a closed surface is covered by a simple 
geodesic on a finite cover. 


The proof is based in part on: 
Theorem 6.47 H is exhausted by convex regions tiled by right pentagons. 


We note that in fact the layers of pentagons surrounding a given one always 
form convex regions. Indeed, the total number of edges e,, and right angles an 
around the nth layer satisfies 


ae). 


By Gauss-Bonnet the total number of pentagons pn out to generation n is a, —4. 
Thus one can easily compute pj, p2,... = 1,11, 51, 201, 761, 2851, 10651,... with 
pi ~ CX, X=24 V3. 

Three dimensions. It is also known that the Bianchi groups SL2(Op) are 
LERF, and in particular that the figure eight and Whitehead link complements 
are LERF. However the proof is much more difficult in 3-dimensions, because a 
finitely-generated subgroup of a geometrically finite group need not be geomet- 
rically finite. In particular, the proof for the Whitehead link complement does 
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Figure 18. Tiling by right pentagons. 


not just follow from commensurability with a reflection group, as indicated in 
[Sc]. 

There are also now examples of 3-manifold groups which are not LERF; 
however these examples are torus-reducible. 


Question. Is the fundamental group of every compact hyperbolic 3-manifold 
LERF? 


Question. Is every surface subgroup of a compact hyperbolic 3-manifold rep- 
resented by a virtually embedded surface? 


Remark: Apollonian gasket. The submanifold of M obtained by cutting 
along a totally geodesic triply-punctured sphere (the disk spanning one compo- 
nent of W) has, as its limit sets, the Apollonian gasket. 


Remark: Vol3 and volume coincidences. There is a closed hyperbolic 
3-manifold whose volume is a rational multiple of the volume of the figure 
eight knot complement [JR]. In general, for an arithmetic hyperbolic manifold, 
vol(M) is a rational multiple of ¢,(2), where k is the invariant trace field of 
M; but the commensurability class of M depends on the associated quaternion 
algebra over k. 

In general a quaternion algebra over a quadratic imaginary field is uniquely 
determined by specifying the even number of places where it ramifies. It gives 
a cocompact lattice unless this set of places is empty, in which case Q © M2(k). 


7 Holomorphic motions and structural stability 


In this section we study holomorphic motions, and their use in constructing 
conjugacy for holomorphic dynamical systems. 
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7.1 The notion of motion 


A holomorphic motion of a set A C C over a pointed complex manifold (A, Ao) 
is a map 6: A x A —> C, written (A,a) +> ¢)(a), such that: 


1. (a) is injective for each fixed A; 


2. x(a) is holomorphic for each fixed a; and 


3. ġa (a) =a. 
Usually we take (A, ào) = (A, 0). 
Examples. 


1. Given a torsion-free Fuchsian group T C Aut(A), the map ¢)(7(0)) = y(A) 
gives a holomorphic motion of A =T - 0 over (A, 0). 


2. The natural map sending A = Z@Zi to Z® XZ gives a holomorphic motion 
over (H, i). 


3. Let E C Ĉ be a finite set, a ¢ E, and A = EU {a}. Let @,|E = id and 
(a) = 7(A), where r : (A, 0) > (C— E, a) is the universal covering map. 
Then ¢ is a holomorphic motion of A over (A, 0). 


4. Let f : H > H be an earthquake, and let T C Aut(H) be the set of Mobius 
transformations that match f on at least one geodesic. Then I is not in 
general a group, but it does have the property that y10yz 1 is never elliptic 
if yı Æ y2 in I. Therefore À > (A) is a holomorphic motion of T - 0 over 
(A, 0). 


5. Let u bea Beltrami differential on C with lallo < 1, and let dy : © > Cbe 
the unique quasiconformal map with dilatation Aw fixing (0,1, 00). Then 
@ gives a holomorphic motion of the whole sphere. 


Theorem 7.1 A holomorphic motion of A over (A,0) extends uniquely to a 
holomorphic and continuous motion of A. For each fixed A, the map 6, : A > 
C extends to a (1+k)/(1 — k)-quasiconformal homeomorphism of the sphere, 
k=l: 


Topological remarks. Given A C Y, a continuous motion of A over (T, to) 
is a continuous map ¢: T x A — Y such that ¢; is injective for each t, and 
Pto = id. - 

A continuous motion of A need not extend to a continuous motion of A; for 
example, the original might not be uniformly continuous, even though T x A 
is compact. A simple counter-example is providing by sliding an infinite set of 
counters from one end of an abacus to another, moving the later counters faster 
and faster. 

Also, a continuous motion of a compact set A C 9? need not extend to 
a motion of $?. An counter-example is provided by infinitely braiding A = 
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{0,1,2-1,371,471,...}. If we twist the strands through (1,1/2) once around 
during time [0,1/2], then those around (1/3, /1/4) once around during time 
[1/3, 1/4], etc. we obtain a ‘wild braid’ in S? x [0,1] and hence a motion that 
cannot be extended to the sphere. (For a tameness criterion for infinite braids, 
see [CJ].) 

On the other hand, any continuous motion of a finite set A C $? does 
extend — indeed a ‘radial extension’ can be constructed for small time near 
each point. Also it is worth noting that there are no “knotted” Cantor sets in 
S?; if A C S? is a Cantor set, then any homeomorphism f : A — 9? extends to 
a homeomorphism of $7. 


7.2 Stability of the Julia set 


Let f: X x C+ Chea holomorphic family over rational maps over a complex 
manifold X. 


Theorem 7.2 The following conditions are equivalent. 
1. The number of attracting cycles N (fi) is constant. 
2. The periods of the attracting cycles of fı are locally bounded. 


3. Every periodic cycles of f, is attracting, repelling or persistently indiffer- 
ent. 


4. The number of critical points in the Julia set is locally constant. 
5. The Julia set J(fi) moves continuously in the Hausdorff topology. 
6. The Julia set J(f;) moves locally by a conjugating holomorphic motion. 


If the critically points are locally given by holomorphic functions c;(t), then these 
conditions are equivalent to the functions 


F= {tro filet} 
forming a normal family. 


The proof is based on extending the holomorphic motion of the repelling periodic 
points to a holomorphic motion of the whole Julia set [Mc4, §4]; see also [MSS] 
[Ly]. 

When any of these conditions hold, we say f;(z) is a stable family of rational 
maps. The largest open set X%table C X on which these conditions hold is the 
stable regime. Since the set where N(f;) achieves its maximum is open and 
dense, we have: 


Theorem 7.3 The stable regime is open and dense for any holomorphic family 
of rational maps. 
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Remark. The unstable set X — U can have positive measure by a result of 
Rees; see [Rs]. 

Evidentally the number of attracting cycles is locally constant at fo if fo is 
expanding, since all critical points are already accounted for. This shows: 


Theorem 7.4 If f is expanding then f is stable in Rata, and hence in any 
holomorphic family. 


Examples. 


1. f(z) = 2? is expanding; thus J(z? + €) is a quasicircle. Note that z? and 
z? + € are not topologically conjugate on the whole sphere, only on their 
Julia sets. 


2. f(z) = 27-2 is unstable. For example the critical point z = 0 lies in J(f) 
but escapes for infinity for z? — 2 — e. One can also perturb f slightly to 
create attracting cycles of arbitrarily high order. 


3. f(z) = 27 +1/4 is unstable. In fact under a slight perturbation any point 
in K(f) can be made to lie in the Julia set. 


4. f(z) =z? —1 is stable and hyperbolic. 


Problem. In the expanding case, reconstruct the topological dynamical system 
f: J(f) — J(f) from a finite amount of combinatorial data. 


Alternative proof that expanding == stable. Let fọ be an expanding 
map, fo : Uo + V a covering map as before with J(fo) C Uo. We can arrange 
that V — Uo is a smoothly bounded domain. We wish to construct a topological 
conjugacy between fo and a small perturbation ft. 

To do this, set U; = fi (V); then fe : Ut —> Vi is also a covering map. 
Choose a homeomorphism ġo : V — V such that ¢o o folz) = fi o 6(z) when 
fo(z) € V —U. Using the lifting property of covering maps, define ¢n41 = 
fi’ °¢n° fo on U, and keep its old values on V — U. Then using expansion it 
is easy to see that ¢, is uniformly Holder continuous. Taking a limit and using 
the fact that () fo (V) = J(f) is nowhere dense, we obtain a conjugacy ¢. Hi 


Conjecture 7.5 A rational map f € Rata or Poly, is stable iff f is expanding. 


In the case of degree 2 polynomial, this conjecture implies f? (0) converges 
to an attracting cycle whenever c lies in the interior of the Mandelbrot set and 
felz) =z +c. 


Theorem 7.6 Expanding dynamics is dense in Poly, iff there is no c such that 
J(fe) has positive measure and carries an f.-invariant linefield. 
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Note: a Beltrami differential (z)dz/dz determines a function on the tangent 
space at each point, homogeneous of degree zero, by 


(p) 


v(p) 


S 





we) = Woo) (vZ) = nto 


Thus p(v) > 0 iff v(p) € R- yalp). The linefield associated to a Beltrami 
differential u is defined by 


Lp = {ve TpC : (v) > OF 
on the set where u(p) 4 0. 


Conjecture 7.7 Any rational map that carries an invariant line field on its 
Julia set is double-covered by an integral endomorphism of a complex torus. 


7.3 Extending holomorphic motions 


We now discuss the problem of extending a holomorphic motion to the whole 
sphere. We will prove a theorem from [BR]. 


Theorem 7.8 (Bers-Royden) Let ¢: Ax A> Č be a holomorphic motion. 
Then after restricting to the disk of radius 1/3, there is an extension of ọ to a 
holomorphic motion 


®: A(1/3)x CC. 
The extended motion can be chosen such that (®,) is a harmonic Beltrami 
differential on C — A, in which case the extension is unique. 


Recognizing holomorphic motions. 


Theorem 7.9 Let 6: Ax C — Č be a continuous motion of the sphere such 
that ġà is quasiconformal for each A. Then $y is a holomorphic motion iff 
ua = uloa) varies holomorphically as a function of A. 

Moreover, any holomorphically varying ||ual| < 1 arises from a holomor- 
phic motion, unique up to composition with a holomorphically varying Mobius 
transformation. 


Example. Define 





Ke fr à/z k| > 1, 


z+A7 kļ<1. 


Note that 6, maps the unit circle to an ellipse. We have ua = u(x) = Adz/dz 
on A on p = 0 elsewhere, so 4, varies holomorphically. 


The Ahlfors-Weill extension as a holomorphic motion. Let X be the 
ball of radius 1/2 in the space of L holomorphic quadratic differential ¢ on 
H. Then X has the structure of an infinite-dimensional complex manifold. To 
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each @ € X we can associate the unique univalent map fọ : H —> Č which fixes 
(0,1, co) and satisfies Sf = ¢. Thus we obtain a holomorphic motion 


F:XxH=oC 


over (X,0) defined by F'(¢, z) = f(z). 

Now the Ahlfors-Weill extension prolongs F to a motion of the whole sphere, 
which we continue to denote by F. Examining equation 2.2 we see that for fixed 
z € —H, the extension g(z) = Mz(z) is a holomorphic function of f, and hence 
of ¢. Thus the Ahlfors-Weill extension not only prolongs f, it prolongs the 
‘universal’ holomorphic motion of H, by (suitably bounded) univalent functions, 
to a motion of the whole sphere. 


Proof of the Bers-Royden Theorem 7.8. First consider the case where 
the moving set A is a finite. Then Y) = C — ¢)(A) defines a holomorphic path 
in Teich(X), X = Yo. By the Schwarz lemma, A(1/3) maps under the Bers 
embedding to a holomorphically varying family of quadratic differentials 6), in 


the ball of radius 1/2 in P(X). Thus there is a canonical quasiconformal map 
fy: X > Yy. Its dilatation is given by 


u(fr) = px’ bal), 


so it varies holomorphically and thus f) defines a holomorphic motion of ¢. 
To handle the general case, exhaust A by a sequence of dense and denser 
finite sets. E 


Sections of the universal curve. The universal curve over Teichmüller space 
is the complex fiber bundle Cg — Tg such that the fiber over [Y] is Y itself. More 
precisely, the universal curve is the quotient of 7,1 by the subgroup 71(X,) C 
Mod,,; coming from the kernel of the map Mod, — Mod,. Alternatively, Cg 
is the pullback of the natural fibration M, , —> M, under the covering map (of 
orbifolds) 74 + Mg. 

From [Hub] we have following result. 


Theorem 7.10 There is no holomorphic section of the universal curve over 
Cy —> Tg over Teichmüller space when g > 3. 


Sketch of the proof. A section of the universal curve lifts to a section s : 
Tg — 7g, inverting the natural projection. Since the Teichmüller metric and 
the Kobayashi metric coincide (Royden), s is an isometry. It follows that there 
exists, for any X € J, and p= s(X) € X, a unit-norm projection 


P: Q(X — {p}) > Q(X) 


(dual to the derivative of s at X). (Note that Q(X) naturally forms a subspace 
of Q(X — {p}), namely the subspace of differentials holomorphic at p.) Using 
Riemann-Roch and a differentiability argument, one shows such a projection 
cannot exist. E 
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Remark. For genus 2, the 6 Weierstrass points provide sections. 
Corollary 7.11 There exists a holomorphic motion 
$: U x (-H) > C 


where U C C” is a bounded domain of holomorphy, that cannot be extended to 
a holomorphic motion of the sphere. 


Proof. Let U = 7, = Teich(X). Using the construction of the Bers embed- 
ding, for each Y € J, we obtain a univalent map fy : (—H) > Č with contin- 
uous boundary values. This gives the desired holomorphic motion, by setting 
0(Y,z) = fy(z). If it could be extended to the whole sphere, then for z € H 
we would have s(Y) = #(Y,z) € Qy. Passing to the quotient Y = Qy/Ty, we 
would then obtain a section of the universal curve Cg + Tg, a contradiction. W 


Słodkowski’s theorem. 


Theorem 7.12 A holomorphic motion ¢: Ax A > C extends to a holomorphic 
motion of the whole sphere. The extension can be made equivariant in a suitable 
sense. 


See [Sl], [Dou] 


7.4 Stability of Kleinian groups 


We now turn to the notion of structural stability in families of Kleinian groups. 
See [Bers3] and [Sul5] for more details. 


Families of groups. A holomorphic family of representations (into Aut ©) 
over a complex manifold X is a map 


p: X xG > AutĜ, 


where G is an abstract group, p:(g) is a holomorphic function of t for each 
g E€ G, and pi : G> Aut C is a homomorphism of groups for each t € X. 
Two representations ps and p, are quasiconformally conjugate if there is a 
quasiconformal map ¢: C — C such that ¢ o ps(g) = pi(g) © ¢ġ for every g € G. 
The next result shows faithfulness is enough to prove a strong form of struc- 
tural stability. 


Theorem 7.13 Let p : X x G > AutĈ be a holomorphic family of faithful 
representations over a connected complex manifold X. Then ps and pz are 
quasiconformally conjugate for all s,t € X. 


Lemma 7.14 Let g,h € Aut C be elements other than the identity, and let 
G = (g,h) be the subgroup they generate. Then exactly one of the following 
possibilities holds. 
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1.G2Z/2x Z/2. Then the fixed-points of g and h are disjoint. 


2. G is an abelian group other than Z/2 x Z/2. Then the fixed points sets of 
g and h coincide. 


3. [G,G] is an infinite, torsion-free group of parabolics. Then g and h share 
exactly one fixed-point. 


4. G is none of the above. Then the fixed-points of g and h are disjoint. 


Proof. First suppose the fixed-points of g and h coincide. Then it is easy to 
see G is abelian and not isomorphic to Z/2 x Z/2. So the Lemma holds in this 
case. 

Now suppose g and h share one but not all fixed-points. (In particular they 
are not both parabolic). Normalizing so the common fixed-point is at z = co, 
we can assume G lies in the solvable subgroup of affine linear maps Aut C. 
In particular, G is solvable, and [G,G] is an infinite torsion-free subgroup of 
parabolic transformations. So the Lemma holds in this case as well. 

Finally suppose g and h share no fixed-points. If G is abelian then g must 
interchange the fixed-points of h, and similarly h must interchange the fixed- 
points of g. Thus g? = hk? = 1 and G = Z/2 x Z/2. Next suppose [G,G] is 
an infinite, torsion-free abelian group. Then [G,G] cannot consist entirely of 
parabolics; otherwise they would all share the same fixed-point p, which would 
also be fixed by g and h since [G, G] is normal. Thus G falls into the case ‘none 
of the above’, and the Lemma is true in the case as well. | 


Isomorphic groups with different actions. The groups 


Gy = (gH 24+1,2H -2), 
Go = (24 22,24 1/2) 


are both isomorphic to Z/2 x Z, but they have different fixed-point structures. 
The generators of G; have a common fixed-point and those of Gz do not. This 
is the one instance where the isomorphism type of G does not determine the 
fixed-point structure. 


Proof of Theorem 7.13. Since X is connected, it suffices to prove the theorem 
locally. Thus we can restrict to the case where X = A. 

Notice p;(g) is parabolic for one value of t iff it is parabolic for all values. Oth- 
erwise tr p;(g) would be a nonconstant holomorphic function passing through 
the value 2; but then for some s and s we would have trps(g) = 2cos(7/n), 
which implies p;(g”) = 1, contradicting faithfulness. 

Let A; be the closure of the fixed points of the elements of Ty = p:(G) 
other than the identity. Then A; is a closed, T-invariant set. Since p;(g) is 
parabolic iff po(g) is parabolic, the fixed-points of individual elements move 
holomorphically. By the preceding Lemma, fixed-points of g and h coincide for 
po iff they coincide for all p+. Thus A; moves by a holomorphic motion, which 
is also a conjugacy for the action of T+. 
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The action of T; on C— Ay = 9, is free. Thus if |A;| < 3, we can extend it by 
an orbit of T; until |A;| > 3 and it is still moving by a holomorphic conjugacy. 

Now let ¢ : A(1/3) x C > C be the Bers-Royden extension of the motion 
of A. For any g € G, the holomorphic motion 


We = pr(g)* © b+ o polg) 


is also an extension of the motion of Az, with u(y) harmonic. Since the Bers- 
Royden extension is unique subject to this condition, we have Y = Qr. 

In other words, by naturality the Bers-Royden extension commutes with the 
action of G, and therefore it provides a quasiconformal conjugacy between po 
and p; whenever |t| < 1/3. This proves the Theorem locally, and the global 
version follows from connectedness of X. a 


Here is a variant: 


Theorem 7.15 Let p : G —> Aut Č bea holomorphic family of representations 
over a connected base X. If p4(G) is discrete and nonelementary for all t, then 
all the representations are quasiconformally conjugate. 


Representation varieties. Fix a finitely-generate group G. Let us suppose 
G is non-elementary; that is, any abelian subgroup has infinite index. 

Let V(G) denote the algebraic variety of irreducible representations p : G —> 
Aut Č modulo conjugacy. The functions g +> tr p(g) provide a smooth embed- 
ding of V(G) into affine space. Let AH(G) C V(G) denote the subset of discrete, 
faithful representations. Let CC(G) C AH(G) denote the set of faithful repre- 
sentations whose image is a convex cocompact Kleinian group. It is easy to see 
that CC(G) is open, and in fact each component of CC(G) is parameterized by 
an appropriate Teichmiiller space. 

We can now formulate a central conjecture, analogous to the density of 
expanding rational maps in Rata. 


Conjecture 7.16 Suppose G does not contain Z@® Z. Then CC(G) is dense 
in AH(G). 


It is certainly not true in general that AH(G) is dense in V(G). Indeed, if 
any component of V(G) has positive dimension, then a trace is non-constant 
there, which leads to an open set of indiscrete groups. In fact we have the 
following basic result: 


Theorem 7.17 The set of discrete faithful representations AH(G) C V(G) is 
closed. 


Structural stability implies hyperbolicity. Because of the quasiconfor- 
mal conjugacy result, it is natural to say that a Kleinian group [ C Aut C is 
structurally stable if all representations p : T — Aut C close to the identity are 
injective — there are no new relations. 

Equivalently, the structurally stable groups correspond to the interior of 
AH(G). We then have: 
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Theorem 7.18 (Sullivan) A structurally stable finitely-generated Kleinian group 
I is convex cocompact. 


Corollary 7.19 The set CC(G) coincides with the interior of AH(G). 


In other words, we do not yet know that structural stability is dense (in 

AH(G)), but we do know that structural implies hyperbolicity (i.e. the ex- 
panding property of G on its limit set). 
Cusps. We remark that many important groups — since as the fundamental 
groups of knot complements — do contain Z ® Z. For these groups CC(G) is 
empty, even though AH(G) may not be. To formulate an appropriate result in 
this setting, one must restrict to the representations where the Z@ Z subgroups 
are parabolic. 


Quasifuchsian groups. To explain Sullivan’s result, we will treat the case of 
a surface group, G = 71(S) where S is a closed surface of genus g > 2. 


Theorem 7.20 A structurally stable Kleinian group isomorphic to 7(S) is 
quasifuchsian. 


First we need some topological arguments to recognize a quasifuchsian group. 


Theorem 7.21 The limit set of any Kleinian group T & mı(S) is connected. 


Proof. Write S = H?/T 5, take a smooth homotopy equivalent S > M = H/T 
and lift it to an equivariant map f : H? — H’. Pick any basepoint p € H?. 
Since f has a compact fundamental domain, the limit points in $2, of f(H) 
coincide exactly with the limit set A(T). Since f is proper, we have 


A(T) = () 7- BẸ, R)) c HP USS.. 
R>0 


This expression presents A(T) as a nested intersection of connected sets, so it is 
connected. || 


Theorem 7.22 Supposeľ = 71(S) has two invariant components in its domain 
of discontinuity. Then T is quasifuchsian. 


Proof. Let M = (H? UQ)/T. Since the limit set is connected, 0M is incom- 
pressible. By assumption, there are two compact components Xo and X; in 0M 
such that the inclusion of each is a homotopy equivalence. By taking a homotopy 
from Xo to X1, we obtain a degree-one homotopy equivalence f : Sx [0,1] + M 
sending S x {i} to X;. Thus M is compact and 0M = Xo U Xj. 

At this point we know T is convex cocompact. To prove I is quasifuchsian, 
one can appeal to theorems in 3-dimensional topology that show M is homeo- 
morphic to S x I (cf. [Hem, Ch. 10]). E 
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Compare [Msk]. 
Proof of Theorem 7.20. Let po : G = 7(S) —> T be a point in V(G) 
representing [. By assumption, all p; close enough to p are quasiconformally 
conjugate to po. 

By counting dimensions (2g generators, one relation, and one more conju- 
gating element), we have 


dime V(S) = (2g — 2) dim Aut C = 6g — 6. 


Since po is structurally stable, 6g — 6 agrees with the dimension of the Te- 
ichmiiller space of I. Thus, letting X = 0/T, we have 


6g — 6 = dim Teich(C, I’) = dim Teich(X). 


By structurally stability, F has no parabolics. By the Ahlfors finiteness the- 
orem, X is a closed surface. Therefore dim Teich(X) = 3]x(X)|, which implies 
x(X) = 2x(S). 

Each component X; C X can be expressed as 0; /T;, where I’; is the stabilizer 
of a component of Q; of Q. Since T; = 71(X;) is not a free group, it must have 
finite index d; in’. Then J` d; = 2 since y(X) = 2x(S). 

In the case 1+ 1 = 2 we have a quasifuchsian group by the preceding The- 
orem. To rule out the case 2 = 2, note that in this case [4 is a quasifuchsian 
subgroup of index two in r. Then M is homeomorphic to a properly twisted 
I-bundle over S. But M is orientable, as is S, so the J-bundle must be trivial. 


Components of the CC(G). In general the compact hyperbolic manifold 
M has a constant homeomorphism type on each component U of CC(G) = 
int AH(G), while manifolds in different components of CC(G) are homotopy 
equivalent but not homeomorphic. Thus the classification of components of 
CC(G) is bound up in the classification of homeomorphism types of 3-manifolds 
with a fixed homotopy type. 

For G = 7(S) only one (orientable) homeomorphism type arises (S x I), 
but in general there are many possibilities, coming from different ways in which 
m(0M) may be deployed in 7(M). 

A similar situation arises already for surfaces; a pair of pants and a torus with 
one boundary component are also homotopy equivalent but not homeomorphic. 


7.5 Cusped tori 


In this section we give an example of the shape of the domain of locally faithful 
representations in a holomorphic family. 


The representation variety and simple closed curves. Let S be a com- 
pact surface of genus g = 1 with n = 1 boundary component. We will study 
representations of the free-group 


G = (a,b) = m (S), 
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subject to the relation that p([a,b]) is parabolic. Geometrically, this condition 
forces OS to be realized as a cusp. 
The traces (a, 3,7) of 


(A, B, AB) E (pla), p(b), p(ab)) 


determine p up conjugacy (when it is irreducible). In particular, the trace of 
the commutator can be calculated from the relation 


tr(A)? + tr(B)? + tr(AB)? = tr(A) tr(B) tr(AB) + tr[A, B] + 2. 
Imposing the condition tr[A, B] = —2 reduces one to a hypersurface 
Vo(G) ec 


defined by the equation 
a? + B+ 7 = apy. (7.1) 


This slice of the representation variety of the group G contains a copy of the 
quasifuchsian space QF(S), where S' is a torus with one boundary component. 

Note that once a and £ are specified, there are two choices for y. But these 
two choices are related by the change of basis A ++ At. This change of basis 
preserves tr A and tr B but changes tr AB to tr A~!B. These two traces are 
related by the important equation 


tr AB +tr A'B =trAtrB, (7.2) 


coming from the relation A + AT! = (tr A)I. 

It is a useful coincidence that SL2(Z) is both a Fuchsian group and the 
mapping-class group of a punctured torus. Thus SL2(Z) acts transitively on 
pairs of generators of 71(S). The generators themselves correspond bijectively 
to simple closed curves on S, which in turn correspond to lines of rational slope 
in H,(S,R). Passing to projective space, we can identify the space of slopes 
with the rational points (union infinity) on the boundary of the upper halfplane. 
Then the action of Mod(S) on PH: (S, R) goes over to the usual action of SL2(Z) 
on R. 

The standard generators (4 | ) and (+t 9) for SL2(Z) act by the automorphism 
of G given by: 

(a,b) — (a,ab) and(a, b) > (ab, a). 


Using equation (7.2), we obtain simple expressions for the action of SL2(Z) = 
Mod(S) on V(S) c C3, namely: 


(a, B,y) => (a, 7,e7— 8) and(a, 8,7) (7,8; By — a). 


Now for any slope s E€ QU {oo}, there is a unique pair of conjugacy classes 
w E€ G=71(S) represented by simple closed curves of slope s. (There is a pair 
because w and w~! have the same slope.) It turns out that we have 


Tr p(w) = P;(a, 6,7); 


134 


AMS Open Math Notes: Works in Progress; Reference # OMN:201701.110673; 2017-01-22 14:33:49 


where P, is a polynomial. This polynomial, and the words w representing a given 
slope, are easily computed recursively using the action of SL2(Z). Namely, to 
compute P, we find an element T € SL2(Z) sending s to 0; then we compute 
the polynomial action of T on V(S); and finally we observe that P,(a, 8,7) is 
nothing more than the first coordinate of T. 

The standard tiling of the unit disk by ideal triangles is a convenient way to 
organize this computation. Starting with a pair of triangles forming a quadrilat- 
eral, we recursively fill out the hyperbolic plane by inserting reflection through 
the edges. Each time a new triangle is added along an edge E, the element w of 
the free group for the new vertex v is the product of the elements at the vertices 
of E. The trace of the new element is determined by the (previously calculated) 
traces of other three elements on the vertices of the quadrilateral with diagonal 
E. Finally the slope p/q of w is determined from the slopes a/b and c/d of the 
words at the vertices of E by Farey addition: 

p ate 


er btd 








In is thus straightforward to calculate P, (a, 6, y) for any rational slope s = p/q. 








Figure 19. Farey triangles. We have tr ABT! + tr AB = tr Atr B. 


The Maskit slice. To reduce to a 1-dimensional space, let us impose the 
condition 6 = tr(B) = 2. Then the only essential remaining free parameter is 
a = tr(A) € C. More precisely, for every value of a there are two possible values 
of y, but for 6 = 2 equation (7.1) factors as 


(y a a)? = =4; 


so we can uniformly choose y = a + 2i. 
Indeed, once we have chosen 


B=2 and y=a4+21, 
we can go further and obtain an explicit family of representations 


Pa: G > Aut C, 
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a € X =C, given by the matrices: 


i _ 0 2 . B _ 1 2 . 
i a 0 1 
} 1 -2 
aa WO Ne Re ce 
i at2i 2 -3 


Note that B and [A, B] together generate a Fuchsian subgroup of Ty = 
Pal(G). In fact they generate the congruence subgroup I'(2) C SL2(Z), which 
uniformizes X = C — {0,1,co}. This comes from the fact that the condition 
tr(B) = 2 pinches a loop on the torus to a cusp, resulting in one boundary com- 
ponent becoming a triply-punctured sphere. Thus the limit set A(T.) contains 
a tree of circles, one for each conjugate of ['(2) inside Tg. Its domain of dis- 
continuity Q consists of a single invariant component together with a countable 
collection of round disks (see Figure 20). 


ov xP 
af ne 






ae 


Figure 20. Limit set for T'a in Maskits’ embedding of 71,1. The unbounded 
domain uniformizes a punctured torus; the round disks, triply-punctured spheres. 


The regime T C C where pa is locally faithful is parameterized by the Te- 
ichmiiller space of X = Q/T. It turns out that X consists of a triply-punctured 
sphere (with no moduli) and a once-punctured torus. Then T is a natural model 
for T,,1, namely Maskit’s embedding of Teichmüller space. 

What does the domain T look like? To find T, we can look for solutions to 
the polynomial equation Q,(a) = P,(a, 8,7) as s ranges over QU {oo}. The 
roots of Q,(a@) are definitely outside T, since near these points p_(w) becomes 
parabolic for a word w € G of slope s. 

A plot of those points is shown in Figure 21. The zeros of P,(a@) as s varies 
over many rational slopes, give rise to the points below the cusped curve in 
Figure 21. The cusped curve itself, which forms the boundary of the stable 
regime T, is obtained by connecting together the ‘highest’ zeros. (One should 
take this terminology with a grain of salt, since the curve is not a graph — in 
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Figure 21. Faithful representations. Dots represent relations. 
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fact it winds an infinite amount around most boundary points that correspond 
to quadratic irrationals.) 


Notes. The case of punctured-torus groups we examine above has been much- 
studied. See, for example, [Wr], [MMW], [Mc5, §3.7], [KS1], [KS2]. 


7.6 Structural stability of rational maps 


We now turn to the study of stability for families of rational maps on the 
Riemann sphere. 

Definitions. Let X be a complex manifold. A_holomorphic family of rational 
maps f(z) over X is a holomorphic map X x C > C, given by (A, z) > f(z). 

Let X'°P C X be the set of topologically stable parameters. That is, a € XP 
if and only if there is a neighborhood U of a such that fa and fg are topologically 
conjugate for all 8 € U.? 

The space X C XP of quasiconformally stable parameters is defined sim- 
ilarly, except the conjugacy is required to be quasiconformal. 

Let Xo C X be the set of parameters such that the number of critical points 
of fy (counted without multiplicity) is locally constant. For A € Xo the critical 
points can be locally labeled by holomorphic functions c1 (A), . - . , Cn (A). Indeed, 
Xo is the maximal open set over which the projection C — X is a covering 
space, where C is variety of critical points 


{(A,c) EX xC: fi(c) =O}. 


A critical orbit relation of f) is a set of integers (i, j, a,b) such that f%(c;(A)) = 
f° (c;(A)); here a,b > 0. 

The set XP°t C Xo of postcritically stable parameters consists of those À 
such that the set of critical orbit relations is locally constant. That is, A € XP°st 
if any coincidence between the forward orbits of two critical points persists 
under a small change in A. This is clearly necessary for topologically stability, 
so XtoP c XPost, 

The main result of this section, whose proof is completed in the next, is: 


Theorem 7.23 In any holomorphic family of rational maps, the topologically 
stable parameters are open and dense. 

Moreover the structurally stable, quasiconformally stable and postcritically 
stable parameters coincide (X*+? = X = XP°st), 


This result was anticipated and nearly established in [MSS, Theorem D]. It 
is completed in [McS]. 


Definition. Let f,(z) be a holomorphic family of rational maps over (X, x). 
A holomorphic motion respects the dynamics if it is a conjugacy: that is, if 


(fe (@)) = fr(a(a)) 
whenever a and f,(a) both belong to A. 


2In the terminology of smooth dynamics, these are the structurally stable parameters in 
the family X. 
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Theorem 7.24 For any x € X?°%, there is a neighborhood U of x and a holo- 
morphic motion of the sphere over (U,x) respecting the dynamics. 


Proof. Choose a polydisk neighborhood V of x in XP°St. Then over V the 
critical points of fy can be labeled by distinct holomorphic functions c;(A). In 


other words, 
{e1(A),---,en(A)} 


defines a holomorphic motion of the critical points of fy over V. 

The condition of constant critical orbit relations is exactly what we need to 
extend this motion to the forward orbits of the critical points. That is, if we 
specify a correspondence between the forward orbits of the critical points of fs 
and fy by 

Fr (ci(a)) > fA lalà), 
the mapping we obtain is well-defined, injective and depends holomorphically 
on À. 

Next we extend this motion to the grand orbits of the critical points. There 
is a unique extension compatible with the dynamics. Indeed, consider a typical 
point where the motion has already been defined, say by q(A). Let 


Z={(A p) : Ae) =a} c V x — V 


be the graph of the multivalued function fy '(q(A)). If q(A) has a preimage under 
fy which is a critical point ¢;(A), then this critical point has constant multiplicity 
and the graph of c; forms one component of Z. The remaining preimages of q(A) 
have multiplicity one, and therefore 7~+(\) has constant cardinality as À varies 
in V. Consequently Z is a union of graphs of single-valued functions giving a 
holomorphic motion of f;1+(q(z)). 

The preimages of q(A) under f? are treated similarly, by induction on n, 
giving a holomorphic motion of the grand orbits compatible with the dynamics. 

By the A-lemma, this motion extends to one sending P(x) to P(A), where 
P(A) denotes the closure of the grand orbits of the critical points of fy. 

If |P(a)| < 2, then fy is conjugate to z+» z” for all A € V; the theorem is 
easy in this special case. Otherwise P(x) contains the Julia set of fs, and its 
complement is a union of hyperbolic Riemann surfaces. 

To conclude the proof, we apply the Bers-Royden Harmonic A-lemma to 
extend the motion of P(x) to a unique motion ¢)(z) of the whole sphere, such 
that the Beltrami coefficient p(z) of a(z) is harmonic on C — P(x). This 
motion is defined on a polydisk neighborhood U of x of one-third the size of V. 

For each A in U the map 


fx: C- P(A)) > C- P(A) 
is a covering map. Define another extension of the motion to the whole sphere 


by 
palz) Sf OBO felz), 
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where z € C— P(x) and the branch of the inverse is chosen continuously so that 
Walz) = z. (On P(x) we set leave the motion the same, since it already respects 
the dynamics). 

The rational maps f, and fy are conformal, so the Beltrami coefficient of 
w is simply f*(u,). But fx is a holomorphic local isometry for the hyperbolic 
metric on C—P (x), so it pulls back harmonic Beltrami differentials to harmonic 
Beltrami differentials. By uniqueness of the Bers-Royden extension, we have 
wy = oy, and consequently the motion ¢ respects the dynamics. | 


Corollary 7.25 The postcritically stable, quasiconformally stable and topolog- 
ically stable parameters coincide. 


Proof. It is clear that X9° C X*P c XP°st, By the preceding theorem, if 
x € Xt then for all A in a neighborhood of x we have ġa o fà = fr © dy, 
where ¢)(z) is a holomorphic motion of the sphere. By the A-lemma, ¢)(z) is 
quasiconformal, so XP°t c X48, a 


Remark. The monodromy of holomorphic motions in non-simply connected 
families of rational maps can be quite interesting; see [Mc1], [Mc2], [GK], [BDK] 
and [Br]. 


7.7 Postcritical stability 


To establish the density of structural stability, we must bridge the gap between 
J-stability (discussed in §7.2) and postcritical stability. We will show that XP°st 
is only slightly smaller than Xstəble so it too is dense. Since XP°St = XtoP = 
X4%, the proof of Theorem 7.23 is completed by: 


Theorem 7.26 The postcritically stable parameters are open and dense in the 
set of J-stable parameters. 


Proof. Using Corollary 7.25, we have XP°t c Xstble because XPSt = XtoP 
and topological conjugacy preserves the number of attracting cycles. By defini- 
tion XP°St is open, so it only remains to prove it is dense in X**#>l¢, 

Let V = A™ c Xstable be any polydisk on which number of critical points of 
fy is constant. The advantage of working on V is that we can label the critical 
points of f,(z) by holomorphic functions c; : V > C,i=1,...,n. 

Fixing 7 and j, we will show there is an open dense subset of V on which 
the critical orbit relations between i and j are constant. This will suffice to 
complete the proof, since the intersection of a finite number of open dense sets 
is again open and dense. 

Since V is a simply-connected subset of the J-stable regime, over V the 
dynamics on the Julia set is canonically trivialized. In particular, the critical 
points in the Julia set remain there and their critical orbit relations are constant. 
So we may assume c; and c; lie outside the Julia set. 


140 


AMS Open Math Notes: Works in Progress; Reference # OMN:201701.110673; 2017-01-22 14:33:49 


For any «,2 € V, there is a canonical correspondence between the compo- 
nents of the Fatou sets Q( fx) and Q(f,). This correspondence commutes with 
the induced dynamics on the set of components. It also preserves the types of 
periodic components, except that an attracting component may become super- 
attracting or vice-versa. 

We begin by considering the case i = j. Suppose the relation f%(c;) = f°(c;) 
for some a < b holds throughout V. Then there are only a finite number of 
possibilities for the set of all critical self-relations of c;. Each self-relation either 
holds throughout V or on a proper complex-analytic subset of V. Thus there is 
an open dense set — the complement of a complex subvariety — on which the 
self-relations of c; are constant. 

Next suppose the relation f%(c;) = f°(c;) holds at ào € V but not through- 
out V. Then there exists a periodic point p(\) such that f?(c;) = p for \ = Xo. 
The point p is the center of an attracting or superattracting basin, or a Siegel 
disk. By assumption, the relation f°(c;) = p only holds on a proper analytic 
subvariety W C V. For all A € V — W near Xo, the forward orbit of the critical 
point lands near but not on the center of the basin. Thus c; has an infinite 
forward orbit for such A, and in particular its self-relations are constant on an 
open dense set. 

Finally it may be that no relation of the form f%(c;) = f°(c;) ever hold in 
V. Then the forward orbit of c; is always infinite and the set of self-relations is 
constant in this case as well. 

Since we have shown the regime where the self-relations among critical points 
are constant is open and dense, we may now replace V with a polydisk contained 
in this regime. 

Now consider two critical points c;, cj, i Æ j, lying outside of the Julia set. 
Suppose there is a critical point relation f%(c;) = f°(c;) for A = Ao. Then c; 
either both have infinite orbits or both have finite orbits. In the latter case, 
only a finite number of patterns of orbit relations are possible. In the former 
case, if the given relation holds throughout V then again only a finite number 
of patterns are possible. In either case on such pattern holds outside a complex 
subvariety of V, and hence on an open dense set. 

So we are finally reduced to the case where c; and c; both have infinite for- 
ward orbits, and the relation f@(c;) = f°(c;) holds only on a proper subvariety 
W CV containing ào. To complete the proof, we will show there is an open set 
U with ào € U such that c; and cj have no orbit relations for \ € U. 

Increasing a and b if necessary, we can assume the point 


P = f¥,(ci(Ao)) = fxg (cj Ao) 


lies in a periodic component of the Fatou set. If this periodic component is an 
attracting, superattracting or parabolic basin, we may assume that p lies close 
to the corresponding periodic cycle. 

In the attracting and parabolic cases, we claim there is a ball B containing 
p such that for all A sufficiently close to Ao, the sets 


(fx (B) : n =0,1,2,...) 
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are disjoint and f¥|B is injective for all n > 0. This can be verified using the 
local models of attracting and parabolic cycles. Now for À near Ag but outside 
the subvariety where (x) holds, f¢(c¢;(A)) and f?(c;(A)) are distinct points in B. 
Thus c;(A) and c;(A) have disjoint forward orbits and we have shown Ap is in 
the closure of the interior of V;;. 

In the superattracting case, this argument breaks down because we cannot 
obtain injectivity of all iterates of f, on a neighborhood of p. Instead, we will 
show that near ào, c; and cj lie on different leaves of the canonical foliation of 
the superattracting basin, and therefore have distinct grand orbits. 

To make this precise, choose a local coordinate with respect to which the dy- 
namics takes the form Z +4 Z4. More precisely, if the period of the superattract- 
ing cycle is k, let Z,(z) be a holomorphic function of (A, z) in a neighborhood 
of (Ao, p), which is a homeomorphism for each fixed and which satisfies 


Z(fX(2)) = ZX(2). 
(The existence of Z follows from classical results on superattracting cycles; cf. 
[CG, §I1.4].) Since («) does not hold throughout V, there is a neighborhood V 
of Ap on which 
Z(FS(GA))) F Zal) 
unless A = Ap. Note too that neither quantity vanishes since each critical point 
has an infinite forward orbit. Shrinking V if necessary we can assume 


IZARA < IZA (GA) < ASADI 


for A € V. If we remove from V the proper real-analytic subset where 


IZAGA = Zale A], 


we obtain an open subset of V;; with Ap in its closure. (Here we use the fact 
that two points where loglog(1/|Z|) differs by more than zero and less than 
logd cannot be in the same grand orbit.) 

Finally we consider the case of a Siegel disk or Herman ring of period k. In 
this case, for all A € V, the forward orbit of c;(A) determines a dense subset 
of C;(A), a union of k invariant real-analytic circles. This dynamically labeled 
subset moves injectively as À varies, so the \-lemma gives a holomorphic motion 


$: V x Cilào) > C, 


which respects the dynamics. For each fixed A, ¢(z) is a holomorphic function 
of z as well, since f, is holomorphically conjugate to a linear rotation in domain 
and range. 

By assumption, f?(c;(A)) € Ci(A) when À = Xo. If this relation holds on an 
open subset V of V, then 


IA) = O° AGA) 
is a holomorphic function on V with values in C;(ào), hence constant. It follows 


that (x) holds on V, and hence on all of V and we are done. Otherwise, c;() 
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and c;(A) have disjoint forward orbits for all A outside the proper real-analytic 
subset of V where f2(c;(A)) € Ci(A). a 


From the proof we have a good qualitative description of the set of points 
that must be removed to obtain X*°P from Xstable, 


Corollary 7.27 The set X*èle is the union of the open dense subset X'°P and 
a countable collection of proper complex and real-analytic subvarieties. Thus 
XP has full measure in X stable, 

The real-analytic part occurs only when fy has a foliated region (a Siegel 
disk, Herman ring or a persistent superattracting basin) for some A € X*ale, 


Corollary 7.28 If X is a connected J-stable family of rational maps with no fo- 
liated regions, then X?°* is connected and 7(X?°S') maps surjectively to 7(X). 


Proof. The complement X — XP°** is a countable union of proper complex 
subvarieties, which have real codimension two. | 


7.8 No invariant line fields 


In this section we formulate a conjecture about the ergodic theory of a single 
rational map which implies the density of hyperbolicity. 

Let X = C/A be a complex torus; then X also has a group structure coming 
from addition on C. Let 9: X > Č be a degree two holomorphic map to 
the Riemann sphere such that g(—z) = p(z); such a map is unique up to 
automorphisms of Č and can be given by the Weierstrass g-function. 

Let F : X —> X be the endomorphism F(z) = nz for some integer n > 1. 
Since n(—z) = —(nz), there is a unique rational map f on the sphere such that 
the diagram 


C/A = C/A 


°| a! 


C lG 
commutes. (Compare [Lat].) 
Definition. A rational map f is double covered by an integral torus endomor- 
phism if it arises by the above construction. 

It is easy to see that repelling periodic points of F are dense on the torus, 
and therefore the Julia set of f is equal to the whole sphere. Moreover, F and 
z+» —z preserve the line field tangent to geodesics of a constant slope on X 
(or more formally, the Beltrami differential u = dz/dz), and therefore f has an 
invariant line field on Ĉ. 


Conjecture 7.29 (No invariant line fields) A rational map f carries no in- 
variant line field on its Julia set, except when f is double covered by an integral 
torus endomorphism. 
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Theorem 7.30 The no invariant line fields conjecture implies the density of 
hyperbolic dynamics in the space of all rational maps. 


Proof. Let X = Rata be the space of all rational maps of a fixed degree d > 1, 
and let XI be the open dense set of quasiconformally stable maps in this 
universal family. Let f € X%. Then Teich(C, f)/Mod(C, f) parameterizes the 
component of X4°/ Aut(C) containing f. Since the modular group is discrete 


ny 


and Aut(C) acts with finite stabilizers, we have 
dim Teich(C, f) = dim Rata — dim Aut(C) = 2d — 2. 


Clearly f has no indifferent cycles, since by J-stability these would have to 
persist on an open neighborhood of f in Rata and then on all of Rata. Therefore 
f has no Siegel disks or parabolic basins. Similarly f has no periodic critical 
points, and therefore no superattracting basins. By a Theorem of Mané, f has 
no Herman rings [Me]. Thus all stable regions are attracting basins. Finally f 
is not covered by an integral torus endomorphism because such rational maps 
form a proper subvariety of Rata. ~ 

By Theorem 5.41, the dimension of Teich(C, f) is given by nac + nxF, 
the number of grand orbits of acyclic critical points in the Fatou set plus the 
number of independent line fields on the Julia set. The no invariant line fields 
conjecture then implies nzr = 0, so nac = 2d — 2. Thus all critical points of f 
lie in the Fatou set and converge to attracting periodic cycles, and therefore f 
is hyperbolic. a 


By a similar argument one may establish: 


Theorem 7.31 The no invariant line fields conjecture implies the density of 
hyperbolic maps in the space of polynomials of any degree. 


Remarks. If f is covered by an integral torus endomorphism, then Mod(C, f) 
contains PSL2(Z) with finite index (compare [Her]). It seems likely that the 
modular group is finite for any other rational map whose Julia set is the sphere. 
This finiteness would follow from the no invariant line fields conjecture as well, 
since then Mod(C, f) = Aut( f). 


7.9 Centers of hyperbolic components 


A rational map f is critically finite if every critical point of f has a finite forward 
orbit. 


Theorem 7.32 Let U C Rata / Aut(C) be a component of the space of expand- 
ing rational maps of degree d. Suppose J(f) is connected for f € U. Then there 
exists a unique critically finite map fo € U. 


Compare [Mcl, §3]. 
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8 Iteration on Teichmüller space 


In this section we will develop Thurston’s topological characterization of criti- 
cally finite rational maps. Of central interest is the construction of a rational 
map with given combinatorics, via iteration on Teichmiiller space. This iteration 
is similar to, but simpler than, the iteration leading to a hyperbolic structure 
on an atoroidal Haken 3-manifold. 


8.1 Critically finite rational maps 


A rational map f is critically finite if |P(f)| < co; that is, if every critical point 
of f has a finite forward orbit. 


Theorem 8.1 Let f be a critically finite rational map, and A its set of periodic 
critical points. Then either 


e A +0, the Julia set J(f) has measure zero, and every z € C— J(f) is 
attracted to A; or 


eA=0, J(f)= Č and the action of f on the sphere is ergodic. 


Proof. Assume A = Ø. Then J(f) = Č by the classification of stable regions; 
for example, there is no Siegel disks or Herman rings U since we would have 
OU Cc P(f), and this is impossible because P(f) is finite. 

Similarly, all periodic cycles of f are repelling (since an indifferent cycle in 
J(f) must be a limit point of P(f)). Thus under iteration, every critical point 
of f lands on a repelling cycle. It follows that lim sup d(f"z, P(f)) > 0 for all z 
outside the grand orbit of the critical points, a countable set. In particular, the 
forward orbit of almost every z € J(f) is a definite distance from P(f) infinitely 
often; that is, lim sup d(f"(z), P(f)) > 0. 

Now let E C Č be an f-invariant set of positive measure. Let z € E bea 
point of Lebesgue density, outside the grand orbit of P(f). Then ||(f")/(z)|| > 
oo in the hyperbolic metric on C — P(f), so small balls about z can be blown up 
to definite size in the hyperbolic metric. But f”(z) lands a definite distance from 
P(f) infinitely often, so these balls can also be blown up to definite spherical 
size. Taking a limit, we conclude_there exists a spherical ball B such that 
m(BN E) =m(B). But then E = C a.e., since f*(B) = C for some k. 

The analysis of the case where A # @ is similar. a 


8.2 Rigidity of critically finite rational maps 
The orbifold of a critically finite map. Let f : 9? > S? be a critically 
finite rational map. Let deg(f,p) denote the local degree of f at p € S?. 

For each p € S?, let 


N(p) = lem fn(g)=p deg( f”, q). (8.1) 
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Note that N(p) > 1 iff p € P(f). The orbifold of f, denote Op, has underlying 
space S? and a singular point of order N (p) at each point in P(f). If N(p) = co 
then we introduce a puncture at p. The list of values of N(p) along P(f) is the 
signature of Of. 

The Euler characteristic of the orbifold is given by 


2) _ ees 
(Op) = x(8?) D xm): 


It is easy to prove that x(O) < 0. We say Of is Euclidean if x(O¢) = 0; 
else Of is hyperbolic. For example, if |P(f)| > 4 then clearly f has a hyperbolic 
orbifold. 

The Euclidean orbifolds are easily classified; the possible signatures are: 


(00, 00), (00, 2,2), (2, 2,2, 2), (2,4, 4), (3, 3,3) and (2,3, 6). 


The complex structure on the sphere S? S C gives Oş the structure of a 
one-dimensional complex orbifold. Just as for Riemann surfaces, these orbifolds 
can be uniformized; see [Mc4, Appendix A]. 


Theorem 8.2 (Uniformization) A complex orbifold O is covered by C if 
x(O) = 0, and by H if x(O) < 0. 


Corollary 8.3 Let f be a critically finite rational map; then || f’z|| > 1 for all 
z with f(z) € Of. 


Proof. The main case occurs when Of is hyperbolic, so we treat this case first. 
Let 7 : H — Op be the universal covering map. Condition (8.1) guarantees that 
for all q = f(p), we have 

deg(f, p) N (p)|N(q). 


Thus f~t can be lifted to the local manifold coverings of O f at p and q: that 
is, for uniformizing parameters z and w near p and q, we have 


FND) — zN (p) deg( fp) — yN (a) 


and therefore = 
z=f—(w) = wN (D/(N(P) deg(f,p)) 


Because of this local lifting, on the universal cover we obtain a map fol such 
that the diagram 


fi 
H «— H 


a. a 

Cats È 
commutes. If fa were an isometry, then f would be too, contradicting the 
abundance of repelling cycles. Thus by the Schwarz lemma, f—! contracts the 
hyperbolic metric, and consequently || f’|| > 1. 
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In the Euclidean case one finds f : Oş —> Of is a covering map, and || f’|| = 
deg(f) or deg(f)!/? depending on whether or not Op is compact. 
Examples. 

1. The orbifold for f(z) = z” is Euclidean, with signature (co, 00). 

2. The orbifold for f(z) = z? — 1 in hyperbolic with signature (00, 00, 00). 


3. The map f(z) = 27+ has a hyperbolic orbifold with signature (00, 2, 2, 2) 
(here P(f) = {co, i, -1 + i, —i}). 


n= (FR) 


has P(f) = {0, co, —1,1} with signature (2,2, 2,2) and is thus Euclidean. 


4. The Lattes example 





Affine maps. The orbifold provides a clean way to isolate exceptional branched 
covers related to toral endomorphisms. Suppose Oy has signature (2, 2, 2,2). 
Then Of is canonically double-covered by a torus T, and f lifts to an endo- 
morphism F : T + T. The action of F on H,(T,Z) determines an element 
A(f) € GLo(Z)/{+1} with det(A(f)) = deg(f)?, and F is isotopic to the affine 
linear map 





A(f) :R?/Z? > R?/Z?. 
If A(f) = nl € Z, we say f is an affine branched cover. Thus: 


Theorem 8.4 A rational map is affine iff it is double-covered by an integral 
torus endomorphism. 


Here is another nice characterization. 


Theorem 8.5 A rational map f is affine iff f*¢ = deg(f)é for some nonzero 
quadratic differential ¢ € Q(C — P(f)). 


Proof. If f is affine, say double-covered by F(z) = nz on C/A, then F* (dz?) = 
n2 dz? and so the pushforward of dz? to Č defines the require quadratic differ- 
ential @. 7 

For the converse, suppose f*¢ = deg(f)@. For z € C let N(z) be the number 
of leaves of F(¢) through z. Then N(z) = 2 except at the finitely many zeros 
and poles of ¢. Since the foliation of ¢ is f-invariant we have 


N(f(z)) deg(f,z) = N(z). 


In particular, N(z) is does not decrease under backwards iteration. 

Now ¢(z) = 0 iff N(z) > 3, and thus a zero at z implies a zero along the 
full inverse orbit of z, which is impossible since ¢ has only finitely many zeros. 
(If z is exceptional, then ¢ must have a zero of infinite order at z, which is also 
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impossible.) Therefore ¢ has no zeros, and thus ¢(z) has exactly 4 poles. These 
poles are located in P(f). 

Moreover every point in P(f) must be a pole of ¢. For if N(z) > 2 
and z € P(f), then f"(w) = z for some critical point w, and thus N(w) = 
deg(f”, w)N(z) > 2, contrary to the fact that ¢ has no zeros. 

It now straightforward to see that f : Of — Of is a covering map of orbifolds, 
and thus f lifts to an endomorphism F of the characteristic torus covering 
T —> Of. Then F preserves the pullback of ¢, so F is an integral endomorphism. 

a 


Theorem 8.6 (Rigidity of rational maps) Let f and g be topologically con- 
jugate critically finite rational maps. Then either 


e f and g are conformally conjugate; or 


o f and g are double-covered by integral torus endomorphisms. 


Proof. Let Q(f) = f~'(P(f)) and similarly for Q(g). Let 6: GC > C be a 
topological conjugacy from f to g; then ¢ sends P(f) and Q(f) to P(g) and 
Q(g), since these sets are topologically defined. Thus we have a commutative 
diagram 








C-P(f) + €- Pw) 
where the vertical maps f and g are covering maps between multiply-punctured 
spheres. 
Now tighten the lower arrow ¢ as much as possible relative to the post-critical 
set. That is, deform ¢ to the Teichmüller mapping 


wo: C — P(f) > C — P(g) 


in the homotopy class of ¢. 
Lifting wo to Yı, using the theory of covering spaces, we obtain the diagram 


C-Q(f) + €- Q(9) 


il A 


C= Pty — Ĉ- P(g). 








Since f and g are conformal maps, the dilatation satisfies K (Y1) = K (Yo). But 
wo and yı are homotopic rel P(f), since they are both homotopic to ¢ (and 


Q(f) > P(f)). 


By uniqueness of the Teichmüller mapping, we have wp = Yı. So we will 
remove the subscript and simply denote the Teichmüller map by 4. 
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If w is conformal, then it provides a conformal conjugacy between g and f, 
so we have proved rigidity. 

Now suppose Y is strictly quasiconformal, and let a be its associated quadratic 
differential. Then f*(a) = deg(f)a because f and w commute. More geomet- 
rically, the foliations of a are invariant under f, so f*a = Ra for some R > 0, 
and 


I ftal| = I |ftal = deg(f) [ la] = deg(f)|lal| 


determines R = deg( f). 
By Theorem 8.5, f is affine, so we are done. E 


Corollary 8.7 (The Monotonicity Conjecture) The topological entropy h(t) 
of the real quadratic map fi(x) = ta(1 — x) is a monotone function, increasing 
from 0 to log2 as t increases from 0 to 4. 


Here the entropy can be defined as 


n= log (number of fixed-points of fi’). 


n— o0 log n 


The idea of the proof is that if monotonicity fails, then the same finite 
kneading sequence must occur twice in the quadratic family. But this would 


contradict the uniqueness of a rational map with a given combinatorial type 
[MeSt, II.10]. 


8.3 Branched coverings 


Let F : S? + S? be a smooth map of positive degree. We say F is a branched 
cover if near any point p, we can find smooth charts ¢, y sending p and F(p) to 
0 € C, preserving orientation, such that 


po Foyp™!(z)= 24 


for some d > 1. 

We wish to recognize rational maps among branched coverings of the sphere. 
In the absence of dynamics, all branched coverings are representec by rational 
maps. 


Theorem 8.8 (Thom) Any branched covering F between a pair of spheres is 


equivalent to a rational map f. That is, there is a rational map f : C= Ĉ and 
homeomorphisms ho, hı such that the diagram 


2—5 2 


ho | m| 


Ct S36 


commutes. 
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Proof. Take the standard complex structure on $7, pull it back by f and apply 
the uniformization theorem. 

In more detail: identify S? with C in the usual way, let hı = id and let ho 
solve the Beltrami equation 


(hoz F 
(ho)z = F; TS 





Note that |||. < 1 because F is everywhere locally the composition of a 
holomorphic map and a diffeomorphism. Since ho and F have the same complex 
dilatation, the mapping f making the diagram above commute is holomorphic. 


For dynamical applications, we want to identify the spheres in the domain 
and range of F so iteration makes sense. That is, we would want to have ho = hı 
so that F is conjugate to a rational map. Equivalently, we would want to find 
a complex structure on S? that is preserved by F. 

As one result in this direction we note: 


Theorem 8.9 (Sullivan) A branched cover F is quasiconformally conjugate to 
a rational map iff the iterates of F are uniformly quasiregular; that is, K(F”) < 
Ko < œ. 


Proof. If F = ġo fo~! with f rational and ¢ quasiconformal, then F” = 
go f” o`t and thus K(F”) < K($)? < œ for all n. 

For the converse, let for each z € C let H, = SLo(T.)/SO2(T,) denote the 
hyperbolic plane of conformal structures on the tangent space T,Ĉ. For almost 
every z, all forward and backward iterates of F are smooth at z, and thus all 
tangent spaces along the grand orbit of z can be identified with T, use DF”. 
Use this identification to transport the standard conformal structure along the 
grand orbit to a set of conformal structures E, C H,. (The set Æ, can also be 
though of as the set of all Beltrami coefficients at z that arise from forward and 
backwards iterates of f.) 

Since F” is uniformly quasiconformal, the set E, is bounded. Let u, € H, be 
the center of the smallest hyperbolic ball containing F,. Then jz, is preserved 
by the dynamics, so it gives an F-invariant measurable complex structure at 
bounded distance from the standard structure. Solving the Beltrami equation 
z/b- = u, we obtain a rational map f by setting f = ġ o F o ọ™t. a 


Remark. By the same method one can show a uniformly quasiconformal group 
T acting on C is quasiconformally conjugate to a subgroup of PSL2(C). 

On the other hand, Freedman and Skora have constructed a uniformly qua- 
siconformal group F C Diff(.$°) that is not even topologically conjugate to 
a Mobius group [FS]. Their proof uses the fact that a finite link of circles 
UC; C S° is unlinked iff every pair of circles is unlinked. For example, the 
Borromean rings cannot be made out of round rings. 
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8.4 Combinatorial equivalence and Teichmüller space 


Let f : S? — S$? be a branched covering. Just as for a rational map, we say f is 
critically finite if |P(f)| < oo, in which case the orbifold Op with singularities 
or punctures along P(f) is defined. For a branched covering, Op is simply a 
smooth orbifold — it has no complex structure. 

Let f and g be critically finite branched covers of the sphere. We say f and 
g are combinatorially equivalent if there are homeomorphisms ¢o, ¢1 such that 


(S?, P(f)) “+ (S?, P(g)) 


s| s| 
(9, P(f)) —= (9, P(g) 


commutes, and ¢ is isotopic to do rel P(f). This means there is a continuous 
family of homeomorphisms 


Pi : (9, P(f)) > (9°, P(g) 


connecting Øo and ġı. 

Roughly speaking, two branched coverings are combinatorial equivalent if 
they are isotopic rel their postcritical sets. 

If f and g are rational, we can pull ġo taut (take its Teichmüller representa- 
tive); then its lift is the taut representative of ¢, rel Q(f), but generally it can 
be relaxed by only pinning down its values on P(f) C Q(f). Thus the argument 
proving the Rigidity Theorem 8.6 also shows: 


Theorem 8.10 A critically finite branched covering of the sphere with hyper- 
bolic orbifold is combinatorially equivalent to at most one rational map (up to 
conformal conjugacy). 


The goal of the remainder of this section is to answer the question: 
Which branched coverings of the sphere are combinatorial rational 
maps? 

8.5 Iteration on Teichmüller space 


We now show the classification of critically finite rational maps reduces to a 
fixed-point problem on Teichmüller space. 


Convention. For any finite set A C $?, we denote by Teich(S?, A) the Te- 
ichmiiller space of the sphere with the points in A marked. This space is the 
same as Teich(S? — N(A)), where N(A) is a regular neighborhood of A. 

Since there is only one complex structure on $°, any point in Teich(S?, A) 
is represented by a finite set B C © together with a marking homeomorphism 


f : (82, A) > (Ĉ, B). 
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The cotangent space is Q(Ĉ, B) = Q(Ĉ-B), the space of meromorphic quadratic 
differentials on C with at worst simple poles on B and holomorphic elsewhere. 


Iteration. Now let F : S? > 9? be a critically finite branched cover. Starting 
with a complex structure (©, Po) € Teich($?, P(F)), and use the covering 


F : (S?,Q(F)) > (9°, P(F)), 
we can form a new Riemann surface 
F* (Č, Po) = (C, Qo) € Teich(S?, Q(F)) 


by pulling back the complex structure on (S?, P(F)). The Riemann surface 
C= Qo is just the covering space of C- Po dictated by F 


The inclusion 
I: (9, P(F)) > (S?, Q(F)) 


permits us to mark a subset of Qo by P(F’) and obtain a point 
I*(C, Qo) = (C, Pi) € Teich(S?, P(F)). 
The covering C= Qo > C= Po then prolongs to a rational map 
fo : (Č, Pi) > (C, Po). 
On the level of marked surfaces the composition J* o F* gives a map 
Tp : Teich(S?, P(F)) > Teich( 9°, P(F)). 


Now suppose (C, Py) = (C, P1) in Teich(S?, P(F)). Then after adjusting 
by a Möbius transformation we can assume Pp = Pı, and thus fo is a rational 
map with P(fo) = Po. Moreover the marking of domain and range gives a 
combinatorial equivalence of fp to F. The converse is also easy to check, so we 
have: 


Theorem 8.11 F is combinatorially equivalent to a rational map iff Tr has a 
fixed-point on Teichmiiller space. 


In general, even if we do not start with a fixed-point, we obtain a sequence of 
marked spheres (C, P;) =T? i (C, Po) and of rational maps f; such that f(P;+1) C 
P;; that is, we have the tower of maps: 


Ca eG B oS ee): 





If (C, P;) converges in Teichmiiller space, we will still obtain a fixed-point, and 
indeed the mappings f; will converge to the desired rational map f. 


Theorem 8.12 (Contraction) Let F : S? + S? be a critically finite branched 
covering. Then either 
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e Some iterate TE contracts the Teichmüller metric; that is, 
|| DTI <1 
at each point of Teich(S?, P(F)); or 


e Or has signature (2,2,2,2), and Tr is an isometry. 


Proof. Suppose Tp(Ĉ, Po) = (©, P,). Then we have a rational map 
f : (C, Pi) => (C, Po) 


in the combinatorial class of F. A tangent vector to Teich(S?, P(F)) at (Č, Po) 
is specified by a Beltrami differential uo, and 


DTp (no) = p = f* (po). 


Of course ||uolloo = llill; to compute ||DTFr||, we must use the fact that 
the tangent space is a quotient of the space of Beltrami differentials. To do this, 
we consider the coderivative on quadratic differentials, 


(OTE : QC- Pi) SOC = P») 


which is given by 
(DTp)*(¢1) = fa(G1) = 0. 


(Note that (61, f*0) = (f*¢1, Ho)-) Under pushforward the total mass of the 
area form |¢1| cannot increase, but there may be a decrease due to cancellation 
between corresponding sheets of f. Thus 


|(DTr)*I| < 1. 


Now suppose ||DTp|| = 1. Then ||(DTp)*|| = 1. Since Q(C — P,) is finite 
dimensional, its unit ball is compact, and thus there exist 61 € Q(C — P,) and 
po € Q(C — Po) such that ġo = f.(¢1) and ||¢ol| = ||¢1|] = 1. Because there 
is no cancellation in the pushforward, ¢1(z) must be a positive real multiple of 
olw) whenever f(z) = w. In other words, their foliations agree under f. 

Thus ¢,/f*dp is a real-valued holomorphic function, hence a constant, and 
therefore f*(¢9) = deg(f)¢. There are only finitely many possibilities for the 
poles of ¢9 and ¢; as a subset of P(f). Thus upon replacing Ty with a finite 
iterate, we can assume the singularity structure (zeros and poles) of ġo is the 
same as the of ¢1. By the same method as that used in the proof of Theorem 
8.5, we conclude that Or is the (2, 2, 2, 2)-orbifold. 

Since F preserves a foliation, the matrix A(F) € End(Z?) giving the action 
on the homology of the torus is hyperbolic; that is, it has real eigenvalues. It is 
easy to see that Tp acts on Teich(S?, P(F)) S H by the Möbius transformation 
with matrix A(F); in particular, Tp is an isometry. a 
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Remark. There are examples where Tp is not contracting but an iterate 
is. For example, suppose F is a mating of two strictly pre-periodic quadratic 
polynomials. Then there is a set E C P(f)| with |E| = 4 such that F~1(E) c 
P(f)UC(f). Namely we can take E to consist of the critical values together 
with the first periodic point in each of their forward orbits. A differential with 
poles only at E has the property that its pullback has poles only on P(f), and 
then its pushforward is not contracted. 
The map Tr is never uniformly contracting. 


8.6 Thurston’s algorithm for real quadratics 


Before discussing the general case of Tp, we mention its relation to a practi- 
cal algorithm for constructing real quadratic polynomials with given kneading 
sequences. 























Figure 22. A critically finite quadratic polynomial of period 7. 


Let f : R — R be a critically finite polynomial f(x) = x? +c, c € R. Then 
P(f) C R is a finite subset of the line. Furthermore we can write P(f) = 
{p1,..-,Pn} such that p; = f*(0). In particular pı = c. (For ease of notation, 
we do not include oo in R, nor do we include oo in P(f).) 


Now 
QC) =f (PCP) = {vpi Pi = 1... n} CR. (8.2) 
(Since every point in P(f) has one real preimage, the other preimage is also 
real.) 
The combinatorial type or kneading sequence of f determines which points 
in Q(f) correspond to which points in P(f). That is, if we write 





OF) = {d-n < ta < --- < q1 = 0 HH < Q2 <... < dn}, 


then there is a unique index k(i) such that 


Pi = dka) T= 1,... 
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Figure 22 shows the example f(x) = 2? — 1.83232... with |P(f)| = 7. In 
this example k assumes the values (—7, 5,2, —6,3, —4,1) on 1,2,...,7. 
We also know P(f) c J(f) c [-2, 2]. Using just the kneading data k(i), we 
can define a map 
Tp : [—2,2]” — [-2, 2]” 


by sending a candidate (pi,..., pn) for P(f) to a candidate Q(f) by (8.2), then 
re-indexing a subset by (8.3) to obtain a new candidate P(f) c [—2,2]. (The 
new candidate lies in [—2, 2] since |,/p; — pil < V4 = 2.) 

If the kneading data k conforms to an actual quadratic polynomial f, then 
T.(P(f)) = P(f) so Ty has a fixed-point. Conversely, if Tẹ fixes (p1,..-, Pn), 
then f(x) = x? + pı has the kneading sequence k. By the rigidity theorem 
proved before, we can conclude: 


Theorem 8.13 The map Tk has at most one fixed-point (p1,...,Dn) consisting 
of n distinct points. 


On the other hand, by Brouwer’s fixed-point theorem, Tk has at least one 
fixed-point in [—2,2]”. The only problem is that this fixed-point might involve 
certain p; coalescing. Indeed, the point (0,...,0) is always fixed by Ty. 


Scaling. The iteration on [—2,2]” is not quite the same as iteration on Te- 
ichmiiller space, since the rescaling (p;) > (ap;), a > 0, is trivial on Teich(S?, P(f)). 
However if T,(pi) = pi, then Ty(ap;) = (api); since at/?” — 1, Tk contracts 
the rescaling direction. 


8.7 Annuli in Euclidean and hyperbolic geometry 


In this section we summarize some results on annuli and geodesics to be used 
below. 


Lemma 8.14 If f : A > B is a degree d covering map between annuli, then 
mod(A) = mod(B)/d. 


Proof. Reduce to the case A = {1 < |z| < r}, B = {1 < |z| < s} and 
F(z) = 24; then r = 81/4. E 


Lemma 8.15 Let UA; C B be a collection of disjoint annuli A; nested inside 
in an annulus B (so ™(A;) = mı(B) Vi). Then 


mod(B) > X` mod(A;). 


Equality holds iff, in the extremal metric on B, each A; is a right subcylinder 
and (JA; = B. 
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Proof. Let I be the set of arcs joining the ends of B. Let p; be the extremal 
metric on A;, making A; into a right unit cylinder of height mod(A;); and let 
p = pi. Then area,(B) = 27 $ mod(A;), and £,(y) > X mod(A;) for any 
arc y ET, so 

mod(B) = 2rA(T) > X` mod(A). 


For equality to hold, p must be the extremal metric on B, and thus the A; must 
form a partition of B into right subcylinders. a 


Lemma 8.16 Lety C X be a closed geodesic on a hyperbolic Riemann surface, 
and let Xy —> X be the cyclic covering space corresponding to (y) C m(X). 
Then X, is an annulus with 


mod(X,) = 





Proof. We have X, © H/(z > etz) where L = €x(y). The invariant metric 
|\dz|/|z| makes X, into a right cylinder of height 7 and circumference L. Rescal- 
ing to obtain circumference 27, the height becomes 27?/L. a 


Corollary 8.17 For any closed curve y on S, £,(X) is a continuous function 
on Teich(S). In fact 


ranean < ty (7) < Kex(7) 


if X and Y are related by a K-quasiconformal map. 


Proof. A K-quasiconformal map between X and Y lifts to a map between 
their covering annuli, so mod(Y,)/mod(X,) € [1/K, K]. E 


Corollary 8.18 Ify C X is a simple geodesic, then 





mod(A) < T 


for any annulus A C X embedded in the homotopy class of y. 


Proof. We can lift A to an annulus nested inside X}, so mod(A) < mod(X,). 
E 
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Lemma 8.19 Let A C C be an annulus. Then if mod(A) is large enough, 
there is a round annulus B = {z : a < |z — c| < c} nested in A such that 
mod(A) = mod(B) + O(1). 


Proof. Consider any univalent map 
f:{z: R< |z| < R} OC. 


If R = œ then f(z) = az +b. By a normal families argument, once R is 
large enough, f(S1) is convex and nearly round. Thus for A & {z : S71 < 
|z| < S} with S > R, the part of A corresponding to |z| € [(R?/9), (S/R?)] is 
bounded by nearly round curves, and hence A contains a round annulus B with 
mod(B) > mod(A) — 4log R. a 


Corollary 8.20 Letı : X — Y be an inclusion between hyperbolic Riemann 
surfaces of genus zero, where X is n-times punctured sphere. Then any short 
geodesic loop y on Y satisfies 


1 1 
Boy Soo tte * OM 





where the sum is over all short geodesics a on X with (œa) homotopic to y. Here 
short means of length less than cn > 0, and the constant in O(1) also depends 
onn. 


Proof. Up to isomorphism we can assume X and Y are complements of finite 
sets E D F in C, and z is the identity map. Then when ¢,(Y) is sufficiently 
short, the loop y is in the same homotopy class as a maximal round annulus 


BCY=C-F 


with 
mod(B) = ¢y(y)~' + O(1) > 1. 


Now the circles through FM B cut B into at most n concentric annuli 
Aj,.--,Am, each in the homotopy class of a geodesic a; on X = C — E. Then 


mod(B) = $7 mod(4i) = Y na +00). 


The geodesics which are not short contribute O(1) to the sum, so we have the 
Corollary. E 
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Figure 23. An impossible kneading sequence. 


8.8 Invariant curve systems 


We begin by detailing a potential obstruction to realizing a branched covering 
F as a rational map. 

Consider the combinatorial quadratic map f with |P(f)| = 4 depicted in 
Figure 23. This kneading sequence cannot be realized by a quadratic polyno- 
mial. 

For a proof, consider the annulus 


It is not hard to see that A is the unique annulus of maximum modulus in 
its homotopy class on C — P(f). (For a proof note that A lifts to an annulus 
bounded by geodesics on the flat torus branched over (p2,p4,p3,p1).) On the 
other hand, if f is a real quadratic then f~!(A) = BU B’ will be a pair of 
disjoint annuli, with mod(B) = mod(B’) = mod(A) and with B and A in 
the same homotopy class on = P(f). Clearly B 4 A and this contradicts 
uniqueness of the annulus of maximum modulus. 


The eigenvalue of a curve system. We now formulate a general obstruction. 

A simple closed curve y C 8? — P(F) is essential if it does not bound a disk, 
and nonperipheral if it does not bound a punctured disk. Two simple curves are 
parallel if they bound an annulus. A curve system T on S?— P(F) is a nonempty 
collection of disjoint simple closed curves y on 8? — P(F), each essential and 
nonperipheral and with no pair of curves parallel. By Euler characteristic con- 
siderations we have |I| < |P(F)| — 3. 

A curve system determines a transition matrix M (T) : R? > R" by 


1 
Me eserves) 


where the sum is taken over components a of f~1(5) which are isotopic to y. 
Let A(T) > 0 denote the spectral radius of M(T). By the Perron-Frobenius 
theorem, A(T) is an eigenvalue for M(I) with non-negative eigenvector. 
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Theorem 8.21 Let f: C+C bea critically finite rational map. Then either: 
o f is affine, and A(T) = 1 for any curve system; or 


e f is not affine, and A(T) < 1 for any curve system on om P(f). 


Proof. Let (A,) be any collection disjoint annuli in the homotopy classes 
represented by I on C — P(f). Fixing y € I, consider the curves {a} C 
f-*(UL) with a isotopic to y. For each such a, with f(a) = 6 € T, there is a 
corresponding annulus Ba C f~!(As) with 


= mod(A5) 
mod(Ba) = eaa 


These Ba are disjoint and nested, so we can form a single annulus 44 D U Ba 
in the same homotopy class. Then 


mod(A!) > X` mod(Ba) = X` Mys mod(A5). 
a 6 


Now suppose A(T) > 1. Starting with any system of annuli A” = (A9), by 
pulling back and regrouping as above we obtain systems A’ with the vector of 
moduli satisfying 

mod(A’) > M (T) mod(A°). 


If A(T) > 1 then this vector grows without bound, contrary to the fact that 
mod(A‘) is bounded above in terms of the hyperbolic length of q. 

Thus A(T) < 1 for any rational map f. 

In case A(T) = 1, there is a vector of moduli (m.,) fixed by M(I). Using a 
result of Strebel, one finds the extremal metrics for annuli of maximum moduli 
proportional to (mą) piece together to give a metric |¢| from a holomorphic 
quadratic differential [Str2]. Because of equality the pullback annuli must dissect 
the extremal ones into right cylinders, we find f*¢ = deg(f)¢, and thus f is 
affine. 

So in fact A(T) < 1 unless f is affine. For an affine map, |P(f)| = 4 and 
thus [ consists of a single curve y. This curve has n pre-images, each mapping 
by degree n, as can be seen by lifting y to a geodesic on the torus double cover 
of C. Thus M(L) = 1. E 


8.9 Characterization of rational maps 


Lemma 8.22 The moduli space Mo,n is an algebraic variety. 


Proof. Let E C C be a set of n—1 distinct points. Normalizing by a translation 
we can assume )> E = 0. Then there is a unique monic polynomial 


p(z) = A A + + an_2 
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whose roots coincide with Æ. Conversely, if the discriminant D(p) 4 0 then p 

has n — 1 distinct roots. If we send E to AE, A € C*, then a; > A‘+1a;. Modulo 

this action, the coefficients of p determine a point [p] in a weighted projective 

space P = P?~3. The discriminant vanishes on a subvariety D C P, and we see: 
P-D ©& (n-—1-tuples E C C)/Aut(C) 

(n-tuples F C C with one distinguished point) / Aut(C). 


IIe 


By forgetting which point is distinguished, we obtain an n-to-1 covering map 
P—D-— Mo,n, and thus the moduli space of n-tuples of distinct points on the 
sphere is an algebraic variety (indeed an affine variety). E 


Remark. In fact Mg, n is a quasiprojective variety for every (g,n). It is 
generally not affine. 


Lemma 8.23 The graph of Tp covers an algebraic subvariety 
RC Mon xX Mon; 


n = |P(F)|. The variety R is the graph of a correspondence, and |R(X)| is 
finite for every X E Mon . In fact 


Regis (“Yay 


n 
where d = deg(F). 


Proof. We regard points X € Mo, as Riemann surfaces of genus 0 with 
n points removed. Let Va C Mo,n consists of those pairs (Xo, X1) such that 
Xı contains an embedded degree d (connected) covering of Xo. By general 
principles, Vy is an algebraic subvariety, and clearly the graph of Tp covers 
a component R of Va. Thus R itself is a subvariety, in fact an irreducible 
component of Va. 

To bound R(Xo), note first that a covering space Y — Xo of degree d 
is specified by a map 7(Xo) > Sg. Since mı(Xo) is a free group on n — 1 
generators, there are (d!)"~! such maps. Each Y has at most nd punctures, so 
Y is contained in at most A surfaces Xo with n punctures. E 


Lemma 8.24 We have ||DTr(X)|| < C([X]) < 1 where C([X]) is a continuous 
function depending only on the location |X] of X in the moduli space Mo,n, 
n = |P(F)]. 


A 


Proof. As in the preceding lemma, given (C, Po) representing a point in Mo,n, 
there are only finitely maps 


fo: (Č, Pi) > (C, Po) 


that arise from Trp. Since || DTF|| = || f+|| < 1 for each of these maps, we obtain 
a bound depending only on the location of (C, Po) in Mo,n. E 
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Remark. Alternatively, let Ro C R denote the component of R covered by 
the graph of Tr. Then at any point ([X],[Y]) € Ro, the derivative DRo of 
the local correspondence in the Teichmüller metric on Mo,n is well-defined, and 
agrees with the derivative of Tp over this pair. Thus ||DTr(X;)|| > 1 implies 
([X:], [Tr (X:)]) co in Ro, which implies X; —> oo in Mon. 


Theorem 8.25 (Thurston) Let F : S? > S? be a critically finite branched 
covering. Then F is combinatorially equivalent to a rational map f if and only 
(Torus case) Or has signature (2,2,2,2) and Tr : H > H is an elliptic 
Mobius transformation; or 
(General case) Or does not have signature (2,2,2,2) and 


MT) <1 


for every F-invariant curve system T on S? — P(F). 
In the second case f is unique up to conformal conjugacy. 


Proof. If Or has signature (2, 2, 2, 2), then Tp is an isometry of Teich($?, P(F)) S 
H, and F is rational <> Tr has a fixed-point < > Tr is elliptic (or the 
identity). So we may suppose Or does not have signature (2, 2, 2,2). 

If F is equivalent to a rational map f, then A(T) < 1 for every invariant 
curve system, by Theorem 8.21. Uniqueness of f follows from contraction of 
Tr. 

For the converse, assume F' is not equivalent to any rational map. Then F 
has no fixed point on Teichmüller space. To complete the proof, we will show 


MES 4 


for some curve system PF on S? — P(F) 
To construct I, pick any Xo € Teich(S?, P(F)), and set 


Xi = Ti(Xo). 


Then || DTF (X;)| < C(X;) < 1 where C(X;) depends only on the location of 
[X;] in moduli space Mo,n. Let 


po C Teich(S?, P(F)) 
be the geodesic segment joining Xo to X1, and let p; = Ti (po). If [Xi] is 
contained in a compact subset of Mo,n, then so is |U p;]; then Tp is uniformly 
contracting on LU p;, so X; converges to a fixed-point, contrary to assumption. 
Therefore [X;] eventually leaves any compact subset of Mo,n (although it 


may return). By Mumford’s Theorem 4.18, this means for any e€ > 0 there is an 
i such that 


L(X;) = (length of the shortest geodesic on X;) < e. 
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We will now show that for suitable e > 0, the short curves I on X; satisfy 
[ey (Xiss) ] & MDX: 1, 


and thus M(I) gives a linear approximation to the action of Tr. If A(T) < 1, 
then M(T) is contracting and the short geodesics are forced to become long 
again. Since liminf L(X;) = 0, we will eventually find a F with A(T) > 1 and 
this will complete the proof. 

To choose €, first pick an €9 > 0 such that e9-short curves on any X € 
Teich(S?, P(F)) are disjoint simple geodesics, and such that Corollary 8.20 
holds for €9-short curves on an nd-times punctured sphere. Next let K be 
the dilatation of the extremal quasiconformal map from Xo to X1. Finally pick 
M > max(K?,n) whose exact size will be fixed later, and set 


€=€9/M”". 


Now consider any X; with L(X;) < €. Since X; has at most (n—3) geodesics 
of length less than €o, there must be a ô € [e, €o] so the length spectrum of X; 
avoids the interval |ô, Mô]. Let [ denote the nonempty set of geodesic loops on 
X; of length less than ô. Then we have 


ty (Xi) < te) K l5(X;) 


for any geodesic ô g T. 

We will now refer to geodesics of length less than VMô as short. Since 
d(Xi, Xi41) < d(X1, Xo), there is a K-quasiconformal map from X; to X;41, 
and hence the lengths of geodesics on X; and X;41 agree to within a factor of K. 
Since VM > K, the length spectrum of X; avoids [5, K6], so T also represents 
the set of all short geodesics on Xj41. 

On the other hand, we have a diagram 


Y, ——> Xm 

‘| 

Xi 
where f is a degree d = deg(F) rational map and is an inclusion of genus zero 
Riemann surfaces. By Corollary 8.20, for each y € I we have 


1 1 
E E — + O0(1), 
ia pa e 


where the sum includes only curves a with ly, (a) < ena (a constant depending 
only on the number of punctures of Y;). The loops a which cover loops I on X; 
contribute most to the sum, since any other loop is at least M/d times longer, 
and there are less than n other loops. Thus only a small error is committed if 
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we leave out these other loops, and retain a only if it covers some 6 € I. More 
precisely we have: 


1 ( nd? ) 1 1 
——~ < {1+ — Fe Pee PO 
l,(Xi41) M lajny F(o)=SET deg(f "E e a a ô) lal Xi) 
The vector of inverse lengths 
vi = [4X7] 
therefore satisfies 
vig < (1 +n)M Tw: + 0(1) (8.4) 


where 7 > 0 as M > œ. 

Although T ranges among the countably many different collections of curve 
systems on S? — P(F), since n = |P(F)| and d = deg(F) are fixed, there are 
only a finite number of possibilities for the matrix M(I). Thus there is a Ao 
such that A(T) > 1 or A(T) < Ao < 1. Since 


A(P) = lim |M (T}P ||, 


we can choose p such that || M(T)P|| < 1/2 whenever A(T) < 1. 

Now if ||v;|| is large enough, we have L(X;) < e/K? and thus L(X;) < e for 
j=i,i+1,...,i+p. For M > K”, the short geodesics I on X; agree with the 
short geodesics on X; for i < j < i+ p. Finally if A(T) < 1 then by (8.4) we 
find 


1 +n) 2 
loiali < HP usl +00) < Shel 


once M is large enough that ņ is negligible. 

In other words, if ||v;|| gets large then it is forced to get small again within 
p iterates. Noting that ||vi+1|| < A’||v:||, we conclude that sup; ||v;|| < oo. But 
||v:|| > 1/L(X:), so we have contradicted the fact that liminf L(X;) = 0. 

Thus to have ||v;|| — co, we must at some point obtain a curve system T 


with 
AT) > 1. 
This [ is the desired topological obstruction to realizing F as a rational map. 
E 
8.10 Notes 


Thom’s result is in [Thom]; Douady and Hubbard present Thurston’s charac- 
terization of combinatorially rational branched covers in [DH]. For more on the 
orbifold approach to critically finite rational maps, see [Mc4, Appendix A and 
B]. 
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{ 2,0,4,3,1} 

{ 2,0,3,4,1} 

{ 2,3,0,5,4,1} 

{ 2,3,0,4,5,1} 

{ 2,3,4,0,6,5,1} 
{ 2,3,4,0,5,6,1} 
{ 2,5,3,0,6,4,1} 
{ 2,3,5,0,4,6,1} 
{ 2,3,4,5,0,7,6,1} 
{ 2,3,4,5,0,6,7,1} 
{ 2,3,6,4,0,7,5,1} 
{ 2,3,4,6,0,5,7,1} 
{ 2,5,3,0,7,6,4,1} 
{ 2,5,3,0,6,7,4,1} 
{ 2,5,7,0,3,6,4,1} 
{ 2,5,0,3,7,6,4,1} 
{ 2,5,0,3,6,7,4,1} 
{ 2,7,5,0,3,4,6,1} 


Fant aOanr FDA wWwwoa»#k fF WwW WwW 


Table 24. Impossible kneading sequences. 
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8.11 Appendix: Kneading sequences for real quadratics 


Notation. The post-critical set is labeled with the integers 0 = critical point, 
n = f” (critical point). To describe a real unimodal critically finite map, we list 
the postcritical set in the order it appears on the real line, and give a single digit 
indicating the image of the point with the highest label. For example, 2,0,1 2 
indicates that 2, the image of the critical value, is a fixed point. 

The following kneading sequences cannot be realized by quadratic polynomi- 
als. In each case there is a finite collection of disjoint intervals I, with endpoints 
in the post-critical set, permuted homeomorphically by the mapping. 

The remaining kneading sequences can be realized as quadratic polynomials. 
This table gives the kneading sequence and the value of t such that f(x) = 
ta(1 — x) has the same kneading behavior. 


{oy 0 a2 { 2,3,4,5,6,7,0,1} 0 3.99985 
{0,1} 0 3.23607 { 2,3,4,5,6,0,7,1} 3 3.99771 
{2,0,1} 2 4 { 2,3,4,5,6,0,7,1} 4 3.99785 
{2,0,1} 0 3.83187 { 2,3,4,5,6,0,7,1} 5 3.99809 
{ 2,3,0,1} 0 3.96027 { 2,3,4,5,6,0,7,1} 6 3.99845 
{ 2,0,3,1} 0 3.49856 { 2,3,4,5,6,0,7,1} 0 3.99864 
{ 2,0,3,1} 3 3.67857 { 2,3,4,5,6,0,7,1} 7 3.99893 
{ 2,3,4,0,.1} 0 3.99027 { 2,3,4,7,5,0,6,1} 0 3.99252 
{ 2,3,0,4,1} 3 3.89087 { 2,3,4,5,0,6,7,1} 3 3.99745 
{ 2,3,0,4,1} 0 3.90571 { 2,3,4,5,0,6,7,1} 4 3.99726 
{ 2,3,0,4,1} 4 3.92774 { 2,3,4,5,0,6,7,1} 5 3.99685 
{ 2,0,3,4,1} 0 3.73891 { 2,3,4,5,0,6,7,1} 0 3.99622 
{ 2,3,4,5,0,1} 0 3.99758 { 2,6,3,7,4,0,5,1} 0 3.96094 
{ 2,3,4,0,5,1} 3 3.96792 { 2,3,6,4,0,7,5,1} 0 3.97372 
{ 2,3,4,0,5,1} 4 3.97459 { 2,3,6,4,0,7,5,1} 7 3.97221 
{ 2,3,4,0,5,1} O 3.97777 { 2,3,6,4,0,7,5,1} 5 3.97032 
{ 2,3,4,0,5,1} 5 3.98257 { 2,3,4,6,0,5,7,1} 3 3.97643 
{ 2,5,3,0,4,1} 0 3.84457 { 2,3,4,0,6,5,7,1} 3 3.97898 
{ 2,3,0,4,5,1} 3 3.94935 { 2,3,4,0,6,5,7,1} 4 3.98034 
{ 2,3,0,4,5,1} O 3.93754 { 2,3,4,0,6,5,7,1} 0 3.98141 
{ 2,0,4,3,5,1} O 3.62756 { 2,3,7,4,0,5,6,1} 0 3.98775 
{ 2,5,0,3,4,1} 4 3.76495 { 2,3,4,7,0,5,6,1} 6 3.98597 
2,3,4,5,6,0,1} 0 3.9994 { 2,5,3,0,7,6,4,1} 4 3.88184 
2,3,4,5,0,6,1} 3 3.99125 { 2,5,3,0,6,7,4,1} 3 3.86828 
2,3,4,5,0,6,1} 4 3.99228 { 2,5,3,0,6,7,4,1} 0 3.87054 
2,3,4,5,0,6,1} 5 3.99378 { 2,7,3,5,0,4,6,1} 5 3.9006 
2,3,4,5,0,6,1} 0 3.99454 { 2,7,3,5,0,4,6,1} 0 3.89947 
2,3,4,5,0,6,1} 6 3.99569 { 2,7,3,0,5,4,6,1} 0 3.91205 
2,3,6,4,0,5,1} 0 3.96898 { 2,7,3,0,5,4,6,1} 5 3.91346 
2,3,4,0,5,6,1} 3 3.9891 { 2,3,7,0,5,4,6,1} 6 3.91879 
2,3,4,0,5,6,1} 4 3.98734 { 2,6,3,7,0,4,5,1} 5 3.9523 
2,3,4,0,5,6,1} 0 3.98475 { 2,3,6,0,4,7,5,1} 0 3.94421 
2,5,3,0,6,4,1} 0 3.88605 { 2,3,6,0,4,7,5,1} 4 3.94539 
2,5,3,0,6,4,1} 6 3.87654 { 2,3,6,0,4,7,5,1} 7 3.94655 
2,5,3,0,6,4,1} 4 3.8568 { 2,3,6,0,4,5,7,1} 3 3.94126 
2,3,0,5,4,6,1} 3 3.91694 { 2,3,0,6,4,5,7,1} 3 3.93342 
2,3,0,5,4,6,1} 0 3.92219 { 2,3,0,6,4,5,7,1} 0 3.93047 
2,6,3,0,4,5,1} 0 3.95103 { 2,6,0,4,3,7,5,1} 0 3.55465 
2,3,6,0,4,5,1} 5 3.94282 { 2,0,6,4,3,5,7,1} 0 3.66219 
2,6,0,4,3,5,1} 5 3.59257 { 2,5,0,3,6,7,4,1} 0 3.80077 
2,5,0,3,6,4,1} O 3.77421 { 2,5,0,3,6,7,4,1} 3 3.79812 
2,5,0,3,6,4,1} 3 3.78088 { 2,7,0,5,3,4,6,1} 4 3.72029 
2,5,0,3,6,4,1} 6 3.7911 { 2,7,0,5,3,4,6,1} 6 3.71255 
2,0,5,3,4,6,1} 0 3.70177 





Table 25. Quadratic kneading sequences. 
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9 Hausdorff dimension of Julia sets 


In this section we discuss the thermodynamic formalism, and use it (following 
Ruelle) to compute the Hausdorff dimension of J(z? +c) as a function of c. 


9.1 Quadratic polynomials 


We begin with a self-contained discussion of the polynomials we will consider. 


Theorem 9.1 Let f(z) = \(z) +2? with |A| < 1, and let Q(0) be the immediate 
basin of z=0. Then J(f) = 0Q(0). 


Proof. Let U denote the component of K(f) containing z = 0. Then f : U > U 
is a proper holomorphic map on a disk. Since 0 is attracting, deg(f|U) = 2. 
Thus by the Schwarz lemma, U = (0), and U is totally invariant. If we were 
to change coordinates so that z = oo, then (f”) would be uniformly bounded 
outside of U. Thus J(f) c ðU. But ðU C OK by definition, so J(f) = 02(0). 
E 


The lakes of Wada. Can we deduce that 


C = N0) UN(c)? 


Not quite! We do find that Q(0) and Q(oo) have the same boundary, but in 
principle their closures need not fill the sphere. The lakes of Wada are three 
open regions on the sphere, nonempty, which all have the same boundary. 


Expansion and local connectivity. 
Let f(z) = 24+ a127! +--- +aaq be a polynomial of degree d with K(f) 
connected. Let 


@:(C—A) > (C- K(f) 
be the Riemann mapping, normalized so that ®’(co) = 1. 


Theorem 9.2 If f(z) is expanding, then ® extends to a Holder continuous map 
S1 — J(f) giving a semiconjugacy between z ++ z% and z > f(z). In particular, 
J(f) is locally connected. 


Proof. Let p(z) = 24. Choose M > 1 and consider the rectangle Ro obtained 
by cutting open the annulus M < |z| < M? along the positive real axis. Then 
for a = 1/d"*1, the region M® < |z| < M@* is neatly tiled by the d” preimages 
of Ro under p”(z). Each tile has diameter comparable to 1/d”. 

The map © sends this tiling for z? to a similar tiling for f(z). Each of the 
image titles is a preimage of ®(Ro) under a suitable iterate of f”. 

Suppose f is expanding a factor of at least A > 1 in a suitable metric near 
J(f). Then the titles at level n have size bounded by O(A~”). In other words, 
® sends the titles of size s = d~” to tiles of size O(s%), where d“ = A. 
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Each radial edge of a tite for z? at level n can be extended to a line segment L 
that terminates on St. By summing the geometric series, we find diam ®(L) = 
O(A”). It follows that ® has a well-defined radial limit at every point x € 
S! = R/Z of the form x = m/d”. Moreover, if x = m/d” and y = (m + 1)/d”, 
then d(®(x), ®(y)) = O(A~") = O(|a — y|“). It follows easily that ® has an 
a-Holder continuous extension to the unit circle. a 


9.2 Hausdorff dimension 


We remark that if X is a compact metric space and X carries a probability 
measure such that u(B(x,r)) x rê for all 0 <r <1, then 0 < p5(X) < œ. 
Indeed, for any covering B; = B(x;,r;) of X we have 


yrs > w(Bi) 21, 


so u5(X) > 0. 

For the converse, choose a maximal set (21,...,%,) such that d(x;, £j) > r 
for i Æ j. (Such a set is finite by compactness.) Then B; = B(x;,r) forms a 
cover of X, else we could add another point to this set. On the other hand, the 
balls B; = B(a;,r/2) are disjoint, because their centers are at least distance r 


apart. Thus 
So = Doo) <1, 


and hence jus(X) < oo. 


Computation of Hausdorff dimension. The simplest case is an interval 
I = [0,1] C R that contains disjoint subintervals 1,...,I,. We define a map 
f :U&; —> I which is linear and surjective on each subinterval. Its filled Julia 
set K(f) then has dimension 6, where 


SPS 


To see this, use the fact that the measure in dimension 6 satisfies 


m(K) = X mK) = X m(K) LI? 


because |f’| = 1/|Z;| on K; = K(f) L. So long as 0 < m(K) < co we can 
cancel to obtain the result above. 


Hausdorff dimension and eigenfunctions of the Laplacian. We now turn 
to a more interesting, nonlinear case. 


Laplacian. The usual Laplacian in the plane is given by 
= Pf Pf 4 d? f 


Af = — + — = 
f dz? dy? dz dz 
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The geometric Laplacian, for a conformal metric p = p(z)|dz]|, is the negative 
of this function and takes into account the metric: 


ape 
Apf = EEr dz 


For example, on the upper half plane with f(y) = y° and p(z) = |dz|/y, we have 
dy/dz = 1/2 and 00y = 0, so 


oy? = O(sy*>—*Oy) = s(s — 1)y** (Gy) (Ay) = 8(s — 1)y*-*/4, 
so geometrically yê is an eigenfunction: 
Apy? = s(1 — s)y. 


The visual metric. Next, we observe that the Im(1/z) = y/|z|? is also har- 
monic, as is the function y/|z — x|? for any fixed x € R. 
Now consider the visual metric p,(«)|dz| induced on the real line from any 
point p € H. This metric is given by: 
Imp |dz| 
Pp 7-07 
"o |p- a)? 


up to scale. (The formula can be checked by using the map z = tan(0/2) to 
relate the circle and the real axis.) For example, we have 


|dz| 
e= 1 T Boe 
with total integral m. (One can normalize so the integral is 27, or 1, if desired). 
Key point: if we fix a vector v at a point x € R, then the visual length of 
this vector is a harmonic function of x. 
For any measurable set Æ C R, we can define a function fg(p) on H by 
taking the the visual measure of E as seen from p. The result is thus a harmonic 


function: i da 
mz ldz 
o= | SA 

E |z-2 


If E is invariant under a group I C SLe(R), then so is fz. (Conversely, any 
bounded harmonic function on H comes from the visual average of an L! func- 
tion on H.) 


9.3. Eigenfunctions and Hausdorff measures 


Now suppose E C R is a set of Hausdorff dimension s > 0, with finite, positive 
measure in its dimension. Recall that the Hausdorff measure on Æ depends on 
a choice of metric. For the metric |dz|, let us denote this measure by u. Then 
for another metric p(x)|dxz|, we have 


Hp = p(2) u. 
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Thus the measure of E in the visual metric from p € H is given by 


foto) = f oplay’ au(e) | | Sobre. 


But pp(«)* is an eigenfunction of the hyperbolic Laplacian with eigenvalue s(1— 
s). Thus Afg = s(1 — s)fe. So if E is T-invariant, it determines a positive 
eigenfunction of the Laplacian on X = H/T. 

Example: Schottky groups. (See {[Mc6].) Let Ig be the Fuchsian group 
generated by reflections in three disjoint symmetric circles, each orthogonal to 
St and meeting St! in an arc of length 0 < 0 < 27/3. Since the limit set of this 
group is contained in S1, we have 0 < H. dim(A(T6)) < 1. 


Theorem 9.3 As 0 — 0 we have 


log 2 2 1 


H. dim(Ag) ~ ———>—— x —_ 
dinaa) 12 — 2log | log 6|’ 


(9.1) 


while for 0 + 27/3 we have 
1 — H.dim(Ag) ~ o(Xo) = 27/3 — 0. (9.2) 


Proof. Let P = (Pi, pi) with P; = D(C), = 1, 2,3. Then pi(P1) ») Pz U Ps, 
and similarly for the other blocks of P. 

For 0 small the reflections p; are nearly linear on P; NO p;i(P;), i Æ j, so 
a(P) already provides a good approximation to 6. To compute a), note the 
distance d between the centers of any pair of circles C; and C} is V3, and the 
radius of each circle is approximately r = 0/2. Therefore 


r 0? 
ln Gas 
k d 12 


inside Pj, i A j, and the transition matrix satisfies 


O og qe 
Th = te 0 t® 
t= t 0 


with t ~ 97/12. The heighest eigenvalue of T% is simply 2¢®; solving for A(T®) = 
1, we obtain (9.1). 

To estimate De = H.dimAg when the circles are almost tangent, we first 
note that Dg > 1 as @ — 27/3, by the continuity of Dg and the fact that 
the limit set is S' when the circles touch. For Dg > 1/2 we have the relation 
Ao(Xo) = Do(1 — Do), where Xo(Xo) is the least eigenvalue of the L?-Laplacian 
on the hyperbolic surface Xg [Sul6], [Mc7, Thm. 2.1], which shows 


1— Do ~ `o(Xo) 
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as 0 > 27/3. 

Now for 0 near 27/3, the convex core of Xe is bounded by three short simple 
geodesics of equal length Lg. These short geodesics control the least eigenvalue 
of the Laplacian; more precisely, 


Sx, VEP 
tx, IFIP? 
because the quotient above is approximately minimized by a function with f = 1 
in the convex core of Xo, f = 0 in the infinite volume ends, and V f supported 


in standard collar neighborhoods of the short geodesics [DPRS, Thm 1.1’]. A 
calculation with cross-ratios shows, for C1, C2 € Co, 


Lo = 2dy2 (C1, C2) x V 2T/3— 0, 


and we obtain (9.2). E 


No(X) = inf = Lo, 


9.4 Thermodynamics 


A useful reference for this section is [PP]. 

Let X be a compact metric space, and let C (X) denote the space of contin- 
uous, real-valued functions on X. 

Fix a modulus of continuity, an increasing continuous function m(r) on [0, co) 
such m(0) = 0. We define the variation of a function, relative to m(r), to be 
the smallest constant V (f) such that 


f(z) — F< V(f)m(r) 


whenever d(x,y) = r. The space C(X,m) of functions with modulus of conti- 
nuity m(r) is a Banach space relative to the norm 


IAIL = Iflloo + V (Ff). 


In fact, it is a Banach algebra. A sharper version of this is the statement 


V(fa) < IlfllooV(g) + lallo V (Ff). 
We also have the useful pointwise estimate, for r = |x — y|, 
lf(x)g(x) — Fug) < |F(@)|V (g)m(r) + lgl) |V (f)m(r). 
Examples. If m(r) =r then we obtain the Lipschitz functions. If m(r) = r%, 


0 <a <1, we obtain the Holder continuous functions of exponent a. The latter 
occurs frequently and will be denoted by C®(X), and its variation by Va(f). 


Exponentiation and tropicalization. It is a beautiful fact that if 


e” = ef + 69, 
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then V(h) < max(V (f), V(g)). A more familiar fact is that this statement holds 
when h = max(f,g), which is the limiting case coming from tropicalization 
(when f +g > max(f,g) and fg > f +g). An example of the fact above is 
that |h’| < max(|f’|,|g9’|) when all three exist and are continuous. To see this, 


note that 
wia = AL @)+ Bale) 
A = 
where (A, B) = (ef), e9)). Since A, B > 0, the expression above gives h'(x) 
as a convex combination of f'(x) and g'(x). 
The general statement regarding V (h) is proved similarly. If x changes by r 
then f(a) increases by at most m(r), and similarly for g. Thus 





et <m(r)(ef +e), 


and hence h increases by at most m(r). The same idea gives a lower bound on 
the variaton. It implies: 


Theorem 9.4 Let F C C(X) be the space of continuous functions with modulus 
of continuity m(r). Then expF C C(X) is a convex cone over a compact base. 


The compact base condition means that any sequence in exp F can be 
rescaled to yield a convergent subsequence with a nonzero limit. Alternatively, 
if we look at the subset of exp F where f(p) = 1 for some fixed p, this is a 
convex compact subset of C(X). 


Fixed-points. The following general fixed-point theorem is useful for proving 
the Perron-Frobenius theorem in infinite dimensions. (It is however somewhat 
non-constructive, since it relies on the Brouwer fixed-point theorem; another 
approach to Perron-Frobenius is to use contraction in the Hilbert metric.) 


Theorem 9.5 (Schauder—Tychonoff) Let f : K —> K be a continuous map 
of a compact convex subset of a Banach space into itself. Then K has a fixed 
point. 


Proof. The key point is to show there exists a sequence of continuous map 
gn : K — Ln C K such that d(x, gn(x)) < 1/n and Ly is a finite-dimensional 
convex set. Then gn o f has a fixed-point £n E€ Ln by Brouwer’s theorem, and 
any accumulation point x € K is then fixed by f. 

To construct gn, choose a finite set (x1, ..., £y) which comes within distance 
1/(10n) of every point in K. Let a; : K — [0,1] be a continuous function that 
is 1 at z;, positive on B(a;,1/(5n)) and 0 outside B(a;,1/(2n)). Let Ly be the 
convex hull of the points (#,...,2y) and let gn(a#) be the barycenter of the 
measure ` a;(xz)d,,. Then gn : K — Ln has the required properties. E 
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The Ruelle operator. Now let ø : X —> X be an expanding map on a 
compact metric space. In fact we will focus on just two examples: ø is the shift 
on (Z/d)N, and o(x) = dx on St = R/Z. In both cases the metric can be chosen 
so g locally expands distances by a factor of d. 

Let ¢ € C*%(X) be a Holder continuous function. The Ruelle operator is 
defined on C(X) by 


Lolfa) = $, exp(—4(y)) f(y) = olet f). 


o(y)=a 


So Lo(f) is just the pushforward of f under ø. 
The conjugacy class of Lg only depends on the cohomology class of @. To 
see this, observe that 
ox(o" gf) = gox(f). 
Thus 
Losou(f) = ox(e- PP F¥°" f) = et Lele" f), 


which is just the conjugate of Lg by the multiplication operator f +> e? f. 


Theorem 9.6 The Ruelle operator on C(X) has a unique positive eigenvalue 
A> 0. This eigenvalue is simple, and the corresponding eigenvector f € C(X) 
is strictly positive and lies in C°(X). 


Proof. The proof is based on a simple but critical estimate that will be useful 
later. Consider the case where a(x) = 2x on X = S'. Assume ¢ € C%(S"). 
The key point is that 

Vaal f (2/2)) = 2-°Va(f). 


Thus if Va( f) < M, then 
Va(b(x/2) f(x/2)) < Val) +2-°M < M 
once M is large enough. It follows that if we set 
F={f : Valf) < M}, 


then exp F maps into itself under Lg. 

Moreover exp F C C° (X) is a convex cone with a compact base, as a subset 
of C(X). 

Using the Schauder-Tychonoff theorem, we deduce that the Ruelle operator 
has an invariant ray in exp F, and hence R has a positive eigenvector f € C°(X). 
More precisely, pick a point p € X and let K, = {h € exp F : h(p) = 1}. This is 
a compact, convex set. Let p(h) = h/h(p). Then h œ p(Lg)(h)) is a continuous 
map of K, to itself, and its fixed point gives the desired eigenvector. 

Now suppose we have two continuous positive eigenvectors, Rf; = A; fi. 
Then after rescaling, we can assume fı < f2. It follows that R” (f1) = àA? fı < 
R” (fo) = AS f2 for all n, and hence A; < Ag. By symmetry, 41 = 2. Now 
suppose fı Æ f2. Then we can form an eigenfunction g > 0, a linear combination 
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of fı and fo, such that g(x) = 0 at some point. But it is easy to see that if 
R(h) = g vanishes at x, then h vanishes at o~ +(x). It follows that the zero 
set of g is closed under inverse iteration of a, so it forms a dense subset of X. 
Therefore g = 0, and consequently the positive eigenfuction is unique. | 


Pressure. The pressure of ¢ is defined by 


P(¢) = log p(L4). 


A basic property is that P(¢@+c) = P(d)+c. In addition, P(d¢) is a continuous, 
monotone increasing function of ô. Thus we can find ô such that P(é¢) = 0. 


Comparison to the matrix discussion. Suppose we have a natural partition 
K = [J K; with an expanding map f : K —> K, such that f(K;) is a finite union 
of K,’s. Let Ki; = Ki N f~'(K;), and assume f|K;; is constant. Define 


Aij =(PlKal 


or 0 if f(A) does not meet K;. Finally set ¢ = —log|f’|. Then a function f on 
K which is constant on each K; is given simply by a vector f, and the Ruelle 
operator satisfies 


Lsg(f)i = X Ab fy. 
j 


Thus the matrix approach to dimension is a special case of the thermodynamic 
formalism, and the unique ô such that p(A°) = 1 is the same as the unique 6 
such that P(d¢) = 0. 


Normalized ¢. Now suppose P(¢) = 0. In this case have a unique positive 
function ef such that 
Lg(ef) = ef. 


We can now modify ¢ by f — foo to pass to the setting where Lyg(1) = 1. In 
this case we say ¢ is normalized. 
Note that when ¢ is normalized, the values of e~? over the preimage of a 


given point sum to one: 
1= 5 ete), 


f(x)=y 
This implies that: 
ILP ll < Ifl 
for all f € C(X). 


Convergence. Once ¢ is normalized we have: 


Theorem 9.7 For any f E€ C(X), the functions Li;(f) converge uniformly to 
the constant function with value f f dm. 
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Proof. First suppose f € C“(X), and let fa = Li(f). These functions are 
uniformly bounded by || f||.0. as we have just noted. Moreover, the same type of 
reasoning we used in the construction of an eigenvector shows || fn||a is bounded. 
Thus we can pass to a subsequence such that fan —> g uniformly. Since || fnlloo 
converges, we have ||L3(g)|oo = ||g|loo- But the Ruelle operator simply takes 
the weighted averages of the values of g. Thus if L3(g) achieves its maximum 
at x, then g must achieve its maximum at all the points in 0~"(x). Hence g is 
in fact constant. This shows fn only accumulates on constants, and it is easy 
to see the constant is unique. 

To treat f € C(X), just use the fact that C°(X) is dense in C(X) Lg isa 
weak contraction on C(X). E 


The invariant measure. We can now define a positive linear function on 
C(X) by 

m(f) = lim L3(f). 
This functional can be interpreted as integration against a probability measure 
on X, since m(1) = 1. It clearly satisfies 


m(Le(f)) =m(f). 


Now recall Lg(gf oo) = fl¢(g). Setting g = 1 and applying the equation 
above, we find 
m(foo)=m(f). 
In other words, m is an invariant measure for o. 
Now suppose o|F is 1-1. Then 


m(o(E)) = m(o«(xz)) = m(Le(e*xe)) = m(e*xz) = I e? dm. 
In other words, m transforms by e® under ø. 


Rest of the spectrum. We can now show: 


Theorem 9.8 The rest of the spectrum of Lg|C°(X) lies strictly inside the 
unit disk. 


Sketch of the proof. It suffices to prove p(Lọ) < 1 when restricted to the 
space C (X) of functions with with m(f) = 0. Let B be the unit ball in C (X). 
Then B is compact in C(X). Thus given € > 0 we can find an N such that 
Z3 (Aloo < € for all f € B. We also know, following the argument used in the 
proof of the existence of an eigenvector in C°(X), that Vo = sup, ||L3 lla < 00. 
Combining these remarks, one can in fact show that ||L%|| < 1/2 for n large 


enough. Then p(Lg) < (1/2)'/”. E 


174 


AMS Open Math Notes: Works in Progress; Reference # OMN:201701.110673; 2017-01-22 14:33:49 


The meaning of the Ruelle operator. We can now explain the meaning 
of the Ruelle operator. Once P(¢) = 0, there is a natural measure m on X 
that transforms by e? under ø. However this measure is usually not invariant. 
Indeed, 


o,(fm) = Lo(f)m. 


Thus the invariant measure is fm, where f is the eigenfunction. This measure 
does not transform by e? but by ¢ + Olog f. 


Spectrum and mixing. 
Corollary 9.9 The measure m is unique. 
By similar reasoning we show: 


Theorem 9.10 The spectral radius of Ly restricted to the subspace C§(X), 
consisting of functions with f f dm =0, is strictly less than one. 


Proof. Let B be the unit ball in CẸ§ (X). Then B is compact in Co(X). By the 
preceding result, ||LG(f)|loo —> 0 uniformly on B. From this it follows easily that, 


in fact, ||Z3(f)||ce — 0 uniformly on B. Thus lim sup ERI” = p(Ly)< 1.0 


Correlations, adjoints and inner products. Let (f,g) = Jz fgdm. We 


then have 
(Le(f),9) = (f,9° 0). 
Indeed, 
ox(fm) = Lg(f)m, 
and so 


/ Lolfa dm = (g,o4(fm)) = (goo, fm) = (0(9), f). 


Corollary 9.11 (Rapid decay of correlations) If f,g € C°(X) and f f dm = 
0, then (f,goo”) > 0. 


Proof. Use the fact that (f, g o o”) = (L3(f),9)- E 


Corollary 9.12 (Mixing) For any f,g € L? (m), we have 
(foo",g) > (F, 1){9,1) 


as n —> œ. 


Corollary 9.13 The map o is ergodic with respect to the measure m. 


Proof. It suffices to show that there is no o-invariant function in L2(X). But 
any function in this space satisfies (f, foo”) > 0. E 
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Note. The spectral radius of Ly is not zero on Co(X). It increases to one as 
a— 0. 

The arguments above can be applied to prove mixing of the geodesic flow 
on a surface of negative curvature, by using a Markov section to reduce to the 
case of symbolic dynamics. Remarkably, this approach makes no reference to 
the horocycle flow. 


Gibbs measures. Let E = |z1,..., £y] be a cylinder set. Then o (E) = X 


and hence 
1 =f eo dm. 
E 


Because of Hölder continuity and expansion of ø, the integrand varies by at 
most a bounded factor over E, and hence we have 


m(E) = exp(9(x) + o(a(x)) +- o(o%*(2))) 


for any x € E, with uniform bounds. A shift invariant probability measure with 
this property is called a Gibbs measure. This property is a hidden form of the 
distortion lemma used frequently in expanding dynamics. 

Note that m is also a Gibbs measure for any function cohomologous to ¢. 
Thus we have shown: 


Theorem 9.14 For any ¢ E€ C%(X), there exists a B > 0 such that Bh admits 
a unique Gibbs measure. 


The constant 6 is determined by the condition that P(8¢) = 0. As we will 
see below, the 8 plays the role of inverse temperature. It is adjusted so that if 
we sum over a covering by cylinder sets at level N, we get X` m(£) x 1, using 
the Gibbs property to express the measure in terms of @. 

Uniqueness comes from the fact that any two Gibbs measures are mutually 
absolutely continuous and the fact that ø is ergodic on (X,m) which we have 
shown. 


Physical thermodynamics. Suppose we have a huge number of particles 
N, and we allocate them to n different states, with N; in state i. Then the 
total number of possible configurations is S = [| N;!. If particles are free to 
move around between states, they will also most likely be found in the config- 
uration that maximizes S. If we set p; = N;/N, so X` p; = 1, then to a good 
approximation we have 


S= C(N) X` pil log pil. 


Of course this function is maximized when all p; are equal. 

In information theory, when you are told a sample lies in a set E, the amount 
of information you gain is I(E) = |log P(E)|. This is the only reasonable 
definition that satisfies I(EF) = I(E) + I(F) when E and F are independent 
events. Then S is the expected amount of information you obtain upon making 
a measurement that determines which of the n states a given particle occupies. 
Nature arranges the particles so you obtain as much information as possible. 
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Now suppose state i requires energy u; and the total energy U = > Nju; is 
fixed. Then nature will still maximizes S, but now subject to the constraint 


By Lagrange multipliers, we find a solution is given by p; proportional to 
exp(—Gu;). Here 6 = 1/T is the inverse temperature of the system. The 
partition function is defined by 


Z= X exp(—Bus), 


and then p; = exp(—Sui)/Z. 

Now let us return to the Ruelle operator. It is used to study thermodynamic 
equilibrium for a system on the 1-dimensional lattice Z. We take X = øn or 
more generally a subshift of finite type, 2-sided. This means each site in Z has 
a finite number of possible states. 

The function d(x) = ¢(...,%-1,%0,21,..-) gives the energy of this configu- 
ration at the site x). That is, it expresses the energy due both to the state xo 
and to its interactions with neighboring states. Holder continuity means distant 
sites have an exponentially small effect on the energy at site 0. 

The inverse temperature 6 then solves P(—6¢) = 0. Incorporating this 
temperature into the function ¢, we find that the shift-invariant equilibrium 
measure satisfies 


m|zo,.--, £n] = exp(¢(x) + (ox) + --- d(a"*2)), 


where the left-hand side denotes a cylinder set. It is thus reasonable to say that 
the distribution m describes the equilibrium distribution of states for particles 
on a lattices with the given interactions. 


9.5 Dimension of Julia sets 
The main goal of this section is to prove: 
Theorem 9.15 (Ruelle) For c near zero we have 


lel? 


H. di > =1 
im J(z* +c) Koga 


+ O(|e|?). 





Applications of the Ruelle operator. Let f(z) = åz +2? with |A| < 1. As 
a typical application of the Ruelle operator, we will show: 


Theorem 9.16 There exists a conformal metric p(z)|dz| on J(fx) such that 
the Hausdorff measure for this metric is fy-invariant, and transforms by | f<|°. 


To see this, let us identify (S',o) with the Julia set J(f,). Set (x) = 
log | f’(x)|, using this identification. Since topological conjugacies between ex- 
panding dynamical systems are Hélder continuous, we have ¢ € C%(S') for 
some @. 
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Applying the general theorem, we can pick a 6 > 0 such that P(d¢) = 0. 
Then the resulting equilibrium measure transforms by | f’(«)|°. In other words, 
the thermodynamic formalism naturally constructs conformal density on the 
Julia set. The eigenfunction gives a change of metric that makes this density 
invariant. 


Vector field on S+. Now let f.(z) = 22+c. Let ®,: C-A + C—K (fe) be the 
Riemann mapping to the outside of the filled Julia set, defined for c € M. The 
Julia set moves by a holomorphic motion over the main cardioid. The direction 
of motion can be computed explicitly by differentiating ®,. At c = 0 we find 
that the motion of the Julia set is given by a vector field V = d®,/dc|.=o. Since 


,(z”) = ®,(z)? +c, 
by differentiating both sides with respect to c we obtain 
V(z?) = 2zV(z) +1. 


The vector field V is holomorphic on the outside of the disk, so it is given by 
a Laurent series in 1/z. In fact there is a unique solution to this functional 
equation: 


V(z) 


szy 0am 
n=1 
1 1 1 


To see this, it is somewhat easier to deal with W(z) = —V(z)/z. This function 
on the outside of the disk satisfies 


II 


W(2°) = -V (2°) /2? = —2V (z) /z — 1/2? = 2W (z) — 1/2. 
From this we find W(z) = $3 ai/z' with 2a2 = 1, hence az = 1/2. We also see 


the higher order terms involve only even powers of z, and satisfy aan = an/2. 
Thus agx+ı = 1/2*, and the other terms are zero. 


Higher order terms. It will be useful later to know that 


| log |®.(z)|dm = 0 
si 


for all c near 0. This is equivalent to the statement that the Lyapunov expo- 
nent of the maximal measure me = (®,),(7m) is log 2, and that the Hausdorff 
dimension of m, is one. To see the vanishing above, note that 


log |®-(z)| = Re log ®,(z)/z = Re log(1 + O(1/z)) = Re he(z), 


where h,(z) is a function involving only negative powers of z. Clearly f he(z) = 
0, so the same is true for log |®_(z)|. 
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Change in expansion factor. We now set ¢.(z) = log|f/(®_(z))| = log2 + 
log |®.(z)|. Then ¢9(z) = log 2, and we wish to compute w = d¢,/dc, say along 
the real axis. Thinking of c as very small and real, we have 


log |®.(z)| = log |z+cV(z)| = log |1+cV(z)/z| = Relog(1+cV(z)/z) = cRe(V(z)/z). 


Thus 5 
Y = Re(V (z)/2) = -ReX 27" /2", 
1 


using the fact that Re1/z” = Rez” on the circle. Clearly Soi wdm = 0. 
Variance. We now turn to the variance, a quadratic form defined by 


IoD E foo’ 


1 


Var(f) = lim 
The associated bilinear form is 
Var(f g) = (ff) + A Ugo) + So(foo',g). 
1 1 


A remarkable fact is that Var(f) = 0 for f of mean zero in C%(X) iff f is 
cohomologous to zero [PP, Prop. 4.12]. Note that if f = g — goo, then 
Sn(f) is bounded for all n. Otherwise, the values of |S,,(f)|//n become nor- 
mally distributed. In the first case, f |.S,(f)|? = O(1) and in the second case 
J |Sn(f)|? ~ Cn?/?, where C > 0 only depends on Var(f). So in all cases we 
have good estimates on the L? behavior of S;,(f). 

Using the expressions above, we find for o(z) = z? we have Var(z*) = 1 in 
agreement with the usual inner product on L?($') (normalized to have length 
one), and V(z?, z?) = 0 except that 


Var(z*, 2°) =1 if a = 2"b for some n € Z. 


Put differently, we must take into account the fact that z% is cohomologous to 
2?"¢_ This means every power of z has a unique representative in its cohomology 
class of the form z“ with a odd. To compute the variance of f = >> an2”, 
we just need to collect terms so we obtain a sum only over odd exponents of z. 
(Note that ap = 0 since we are assuming the mean of f is zero; otherwise the 
variance is not defined.) 

It is now immediate that 


Var (> op) = Var(z) = 1. 


1 


For a holomorphic function f, we have [| Re f|? = f |Im f|? = (1/2) f |f|?, and 
similarly Var(Re f) = (1/2) Var( f). Thus Var(y) = 1/2. 
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Variance and pressure. Consider a smooth family of functions ¢ = ¢;(x) € 
C°(X), all with P(ġ+) = 0. Let Ly = Ly,. We assume that Lo(1) = 1, and 
let m denote the corresponding invariant probability measure on X. Since the 
eigenvalue 1 is isolated, we have a smoothly varying eigenfunction satisfying 
fo =1 and 
Lilft) = fe- 

Recall that Lg(f) = 0.(e~?f). Differentiating with respect to t, and evaluating 
at t = 0, we find 


Lo(—¢) + Lo(f) = Ê. 


Integrating with respect to m, this implies 


[ero 


We can get a further relation by differentiating a second time, to get 


Lo(—¢) + Lol’) + Lo(—¢f) + Lo(f) = F. 


Integrating this time gives 
[e- fare fe. 


Replacing o with o”, dividing by n and taking the limit, we obtain 
væld) = f 3, 


using the fact that (S,6)/n > 0 in L1(X,m). 
Calculation of dimension. We are now in a position to calculate ôe = 
H. dim( fe) to second order in c, near c= 0. We will find: 


lel? 


4 log 2 
To do this we use the fact that f/(z) = 2z, and set 
c(z) = bc log |f2(®e(z))| = de(log 2 + log |®-(z)|) = de(log 2 + Ye). 


We have f Ye = 0 for all c, and hence wb and w also integrate to zero. 
Since P(e) = 0, and ĝo = 1, the function 


b =dlog2+a 





H. dim J (fe) = 1 + 


integrates to zero, and hence 6 = 0. This implies 
[6 =Btog2 = Var) = 1/2, 


and hence 6 = 1/(2log2) as claimed. 


Isospectral maps on the circle. In this section we will show: 
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Theorem 9.17 Two marked expanding C!+® maps on the circle, with the same 
degree d, are C'* conjugate iff Lo(fi) = Lo(f2) for all periodic cycles; that 
is, iff they have the same multiplier at corresponding periodic points. 


Proof. The key point is to prove that a function g € C%(S*) is cohomologous 
to zero iff ` „ec g(x) = 0 for all periodic cycles C. 
To see this, choose y with a dense forward orbit, and define a function f 


n-1 


along this forward orbit by f(o"y) = S25 gly). This would recover f if we 
had g(x) = f(ox) — f(x) and f(y) = 0. 

To complete the proof, we need only show that f is C% along the forward 
orbit of y. Suppose zo,..., Zk are consecutive points in the forward orbit of y, 
and |zo — zķ| < €. Then 


lf (ze) — f(z) = 





k-1 
Xgl). 
0 


Now by taking the preimage of ball of radius 2e about z,, we can easily find a 
periodic cycle (po,..-,;Pk—1,; Pk = Po) with 


5 |p; — zi| = O(e) and 5 |pi — zil“ = O(e*). 





Then 





k-1 k-1 

X gl) = [X ol) — oi) 
0 0 

completing the proof. 

Now let ¢;(x) = log|f/(x)|. By assumption, ¢1 — ¢2 sums to zero over every 
periodic cycle, so these two functions are cohomologous. Thus they determine 
the same invariant measure on S1. The density of this measure is a C® function. 
By integrating this measure, we obtain a C1+% conjugacy from each f; to the 
same canonical, measure—preserving model F. In particular fı and fz are C'T® 
conjugate to each other. E 











<o (Y la- rl) =O), 


10 Teichmüller theory and the Shafarevich con- 
jecture 


In this section, following [IS] and [Mc8], we give a proof of the Shafarevich 
conjecture based on Teichmüller theory. 


Theorem 10.1 Let Z be a hyperbolic Riemann surface of finite volume, and 
fix a genus g > 2. Then there are only finitely many nonconstant holomorphic 
maps f : Z => Mg. 


The proof involves three facts: 
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1. The map f is rigid: it is uniquely determined by its homotopy class. 
2. The map f is distance-decreasing. 
3. Given p € X, there is a compact set K C Mọ that contains f(p) for all f. 


Combining these facts, we see the family of all such mappings f is compact and 
discrete, hence finite. 

We will freely use Teichmiiller’s theorem on extremal quasiconformal maps, 
which provides an extension of any real geodesic to an isometric immersion of 
H into 7g. 


10.1 Holomorphic maps contract 


Let us begin with the distance-decreasing property. For this purpose we recall 
that the Gauss curvature of a conformal metric p = p(z) |dz| is given by 


A log p 
ae : 





K(p) = 


For example, when p = |dz|/y, we get K(p) = —1. 
Clearly if you shrink the hyperbolic metric by a constant factor then it 
becomes even more negatively curved. Here is a converse: 


Theorem 10.2 Let 6 be a metric on H such that K(6) < —1 everywhere. Then 
ô< p. 


Thus the identity map from (H, p) to (H, 6) is a contraction. 


Proof. By a standard trick we can assume 6 is smooth on OH, and then 
p/d => co on OH. Thus p/d assumes its minimum at a point p € H. At this 
point we have 


0 < Alog(p/5) = —K(p)p* + K(8)8? < p? — 6”, 


and the result follows. E 


Theorem 10.3 Any holomorphic map f : H — T; is distance-decreasing. 


(From the hyperbolic metric of curvature —4 to the Teichmüller metric.) 


Idea of the proof. By Teichmiiller’s theorem, every vector in J, is tangent to 
an isometrically embedded hyperbolic plane. Since the graph of a holomorphic 
function is a minimal surface, the pullback of the Teichmüller metric to H satis- 
fies K() < —1 and hence we have contraction. (This idea can be made precise 
using Lelong’s theorem, which controls the volume growth of a holomorphic 
disk.) E 
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10.2 The theme of short geodesics. 
We can now begin the third point in the proof. We will show: 
Theorem 10.4 There is a compact set K = K(Z,p) such that 
f(p)Ee KC Mg 
provided the monodromy of f is irreducible (it preserves no simple closed curve). 
For this we need the following facts: 


1. The set of Riemann surfaces Y € M, with the length of the shortest 
geodesic > r > 0 is compact. 


2. For any Yi, Y2 € J, and closed curve C, we have 
1 
= Lo(Yı) 


K- Le(¥a) 7” 





where K is the minimal dilatation of a quasiconformal map from Y to Z. 
(Note that H/z+> Az is a cylinder of height L = log À and circumference 
T.) 


3. Short geodesics are simple and hence there are at most 3g — 3 such curves 
on a surface Y € Mọ. 


Proof of Theorem 10.4. If Y = f(p) has too many short curves these must 
be permuted by generators of the monodromy and hence globally invariant. W 


Two closely related facts are the following (see [ES], [Kra] and [Bers2]): 


Proposition 10.5 Let f : A* + Mg be a holomorphic map. Then the mon- 
odromy of f is virtually a product of Dehn twists. 


Proposition 10.6 Let f : 7, —> Tg be an element of the mapping class group. 
Then f is either finite order or reducible. 


10.3 Review of Kleinian groups 


nN 


A Kleinian group is a discrete subgroup T C Aut(C). Discrete means that 
M? = H/T is a hyperbolic orbifold. 
The limit set of T is defined by 


A=. pn 


for any p € HË. It can also be defined as the set of points z € C where T is not 
a normal family, or the closure of the fixed-points of elements of I’ of infinite 
order. 

We will assume [ is nonelementary — any abelian subgroup has infinite 
index. This is equivalent to saying A consists of 3 or more points, which in turn 
implies A is an uncountable, perfect set. 
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Theorem 10.7 IfT is nonelementary, then A is the smallest nonempty, closed, 
T-invariant subset of the sphere. 


Corollary 10.8 The limit set coincides with the closure of the hyperbolic fixed 
points of elements of, and A is the set of accumulation points of T -z for any 
zet. 


The quotient Riemann surface The domain of discontinuity is Q = Can: 
Since are assuming I is nonelementary, Q is hyperbolic and I acts isometrically 
and (by discreteness) properly discontinuously in this metric. 

The quotient X = (/T is a complex orbifold. 


Theorem 10.9 (Ahlfors—Bers) /fT is finitely generated, then Q/T is a hy- 
perbolic surface of finite area. 


Rigidity. The next result of Sullivan is based on quasiconformal deformations. 
We restate it using holomorphic motions. 


Theorem 10.10 Let; be a holomorphic family of finitely-generated Kleinian 
groups parameterized by t E€ A. Suppose the Riemann surface Xi = ù /Ti is 
constant. Then T; is Mobius conjugate to To for all t. 


Expanding groups and quotient 3-manifolds. The Kleinian manifold is 
defined by 
N’ = (HB UQ)/T. 


The Kleinian group is expanding if NÌ is compact. This is equivalent to the 
condition that for all z € A there is a g € I such that ||g’z|| > 1 in the spherical 
metric. 


10.4 Quasifuchsian groups 


A geometric construction of Teichmiiller space as a complex manifold can be 
based on: 


Theorem 10.11 Given any X,Y € Ty, there exists a natural Kleinian group 
T'(X,Y) obtained by mating the corresponding Fuchsian groups. 


To be more correct we should take X marked by S and Y marked by S' so 
there is a natural orientation—reversing map between X and Y. 

The key to the proof is to show the boundary correpondence ¢xy : S! 4 
S is quasisymmetric. This can be proved using (i) expanding dynamics, (ii) 
quasi-isometries on H and stability of geodesics, or (iii) boundary properties of 
quasiconformal maps. 


Projective structures. Now fix X € Tą and consider any q € Q(X), or 
equivalent a T-invariant q € Q(H) where X = H/T. Then we can solve Sf = q 
to get a conformal immersion 
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as well as a representation 
p: T >T Cc PSL2(C) 


such that 
f(g- 2) = plg): Fl) 
for all g € T. With respect to the metric 


lallo = sup |q|/p”, 


it is known that 


lall < 1/2 = fis 1-1 = |lall < 3/2. 


Let S(X) C Q(X) be the set of q such that f is 1 — 1, and let U(X) be 
the component of the interior of S(X) containg q = 0. Then f(S1) moves 
by a holomorphic motion over U(X), and hence f($+) is a quasicircle, which 
implies I” is quasifuchsian. Conversely, if Y € J4, we may use simultaneous 
uniformization to get a point q E€ U(X). Summing up, we have an ismorphism 


Ty = U(X) 


for each X € T4. Now it is easy to see that we get a holomorphic universal curve 
over U(X). Thus the map above is holomorphic, using e.g. H!(Y, ©) to define 
the complex structure on 74. Altogether we have shown: 


Theorem 10.12 Teichmüller space is natural isomorphic to a bounded domain 
U(X) in Q(X), for each X € Ty. 


Remark: The Weil—Petersson metric. Since Q(X) is naturally isomorphic 
to H!(X,©)*, it can be identified with the cotangent space T% Tg. On the other 
hand, the derivative of the Bers embedding at X provides a linear isomorphism 
TxT, > Q(X). Putting these together we get a bilinear form on the tangent 
space. In fact the target is not quite Q(X) but Q(X); taking this into account, 
we obtain a Hermitian metric on Teichmiiller space. Up to a constant factor, it 
coincides with the Weil—Petersson metric 


2 —2 2 
lol? = a pI 
on Q(X). 


This symmetry of the form persists to general pairs of Riemann surfaces and 
gives rise to quasifuchsian reciprocity [Mc9]. 


10.5 Classification of surface groups 
To proceed we must have some information about the groups that arise on OT, 


under the Bers’ embedding above. 
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Lemma 10.13 Jf Q/T has a cusp, then T has a parabolic element. 


Proof. The cusp must currespond to a nontrivial cyclic subgroup (g) in FI, 
else A would have an isolated point. Then A* © Q/(g) embeds essentially in 
T= (C — F)/(g), where F is the set of fixed points of g. If g were hyperbolic 
this would give an essential embedding of A* into a torus, which is impossible. 


Theorem 10.14 Let IT be a Kleinian group isomorphic to the fundamental 
group of a closed surface of genus g > 2. Suppose T has no parabolics. Then 
either: 


1. T is quasifuchsian, 
2. Q is connected, or 


3 A=C. 


Proof. If the limit set is disconnected then I decomposes as a free product, 
which is impossible. So A is connected and hence every component Q’ of Q is a 
topological disk. 

Let I’ be the stabilizer of Q’. By the Ahlfors finiteness theorem, X’ = Q'/T’ 
is a Riemann surface of finite topological type. If T” has infinite index in T, then 
it must be a free group, so X’ has a punctures, which implies T” has a parabolic 
element, contrary to assumption. 

Thus T” has finite index in I’, and therefore the orbit of Q’ consists of finitely 
many components. Again by the Ahlfors finiteness theorem, this implies 2 has 
finitely many components. Passing to a subgroup of finite index, we can assume 
each is fixed. Then N? has finitely many boundary components, each of which 
is a closed surface including into NÌ surjectively on 71. 

If ON has at least 2 such components, by considering the homotopy be- 
tween them we conclude that N3 has exactly 2 boundary components, and is 
expanding, hence quasifuchsian. Otherwise ON has 1 or 0 components. These 
conclusions are unaffected by a finite extension back to the original surface 
group. E 


Totally degenerate groups. We say a point p : mı(X) >T in 07, is totally 
degenerate if A(T) is connected and I has no parabolics. 


Theorem 10.15 Every group in OT, is either totally degenerate or has parabol- 
ics. 


Corollary 10.16 A dense Gs in OT, consists of totally degenerate groups. 


In particular, such groups exist! 
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Theorem 10.17 Suppose Xn € Tg converges to a totally degenerate group T. 
Then Lo(Xn) > co for every closed curve C. 


Proof. By assumption, C corresponds to a hyperbolic element g € I, say with 
fixed points 0,00 € C and g(z) = Az, |A| > 1. Since A is connected and fixed 
points are dense in A, the other component Qn of the domain of discontinuity 
for [(X, Xn) is very thin when n is large. Thus any path from z to Anz in Qn 
has large hyperbolic length, and thus Lo(Xn) > œ. | 


Theorem 10.18 Given gn E Modg, suppose gn : Y converges to a totally de- 
generate group T for some Y € Tg. Then ga: Y >T for all Y € Tg. 


Proof. Any limit of the maps gn : Tg + Tg gives a holomorphic function whose 
image passes through a totally degenerate group, and hence it must be constant. 





























Figure 26. Cusped and totally degenerate groups on T4. 


10.6 Rigidity 


We now return to the setting of the Shafarevich conjecture. Let f : Z > Mg 
be a nonconstant holomorphic map, let 


® : mı(Z) + Mod, 
be the corresponding monodromy map, and let 
f:H-> To C T; 


be the lift of f to a chosen Bers’ compactification. We have 


Fa 2) = 209): f(z) 
for all g € mı (Z) and z € H. 
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Theorem 10.19 The boundary values of f exist for almost everywhere, and 
f(¢) is totally degenerate for almost every ¢ € OH. 


Proof. The boundary values f(¢) exist since 7, is a bounded domain in Q(X). 
The radial limit points of 'z also have full measure. 

Suppose f(¢) exists and ¢ is a radial limit. Then there exist gn € Tz such 
that gn: z > Ç for all z € H. It follows that 


f(¢) = lim f (gn + z) = ®(9n) + f(z) 


is independent of z. Since f is nonconstant, we must have ®(gn) > oo in 
Mod,. (Otherwise we could write f(¢) = A- f(z) for some A € Mod,.) Thus 


FCO) € OT, 
Let T (Ç) be the Kleinian group corresponding to f(¢). IfT'(¢) has a parabolic 


then f(¢) lies in the locus (Tr p(¢,g))? = 2 for some g € Tz. But the set of 
such boundary values has measure zero, else p(¢,g) would be parabolic for all 
z € H. (A bounded holomorphic function on A which vanishes on a set of 
positive measure in Şt is identically zero.) Thus f(¢) is almost surely totally 
degenerate. a 


By Theorem 10.18 we have: 
Corollary 10.20 The map f is uniquely determined by its monodromy. 


Corollary 10.21 There exists a sequence gn € ™(Z) such that for any z € H, 


and any closed curve C, we have Lo(f(gn- z)) > œ. 


Corollary 10.22 There is no closed curve C which is invariant under the mon- 
odromy group. 


This result justifies the last step in the proof of the Shafarevich conjecture 
outlined above. 


11 Geometrization of 3-manifolds 


11.1 Topology of hyperbolic manifolds 


Let M be a closed orientable smooth 3-manifold. When can we expect M to 
carry a hyperbolic structure? That is, when can we hope to write M = H3/T? 
Here are some obvious constraints: 


e First, M must be irreducible — that is, every embedded S$? C M must 
bound a ball B? C M. To see this, just lift to the universal cover: we find 
a collection T - S? of disjoint 2-spheres in H’, and the balls T - B? they 
bound are disjoint, so they determine an embedded ball in H3. 


Irreducibility means if M = A#B then A or B is $°. 
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e Second, mı(M) must be infinite — since the universal cover of M is not 
compact. 


e Finally, M must be atoroidal: that is, mı(M) cannot contain a copy of 
Zez. 


For a proof, note that the centralizer of a hyperbolic element in Isom” (H3) 
is isomorphic to C* = St x R. If G c C* is a discrete, torsion-free group, 
then G maps injectively by absolute value to a discrete subgroup of R*, 
and hence G is trivial or Z. 


Conjecture 11.1 A closed, irreducible orientable 3-manifold is hyperbolic iff 
mı( M) is infinite and does not contain Z © Z. 


Now suppose M is an oriented manifold with boundary, admitting a convex 
hyperbolic structure. Let r: 0M — OM be a fixed-point free, orientation- 
reversing involution. Then M/r is also an orientable manifold. We will allow 
M to be disconnected but require M/r to be connected. 

When can we expect the closed manifold M/r to be hyperbolic? Let us 
apply the criteria above. 


1. First, M/r must be irreducible. There is danger that a pair of properly 
embedded 2-disks Dı U D? C M might get glued together by 7 to form a 
2-sphere. If OD; is nontrivial in 7(0M), then Dı U Dz cannot bound a 
ball and so M/r is reducible. 


To guard against this possibility we will assume OM is incompressible. 
This means 
71(OM, *) > 71 (M, x) 


is injective for every choice of basepoint. Then M/7 is guaranteed to be 
irreducible. 


2. Since M is hyperbolic, each of its boundary components has genus g > 2, 
and by van Kampen’s theorem 7(0M/rT) injects into 7(M). So mı(M) 
is always infinite. 


3. Finally M/7 must be atoroidal. Here the danger is that M might contain 
two or more cylinders C; — properly embedded copies of $+ x [0,1] — 
which are glued together by 7 to form an incompressible torus in M. 


To guard against this possibility, one can require that M is acylindrical — 
i.e., that every cylinder C : S! x [0,1] + M is homotopic, rel boundary, 
into OM. 


More liberally, one can allow cylinders but require that they not be glued 
together. That is, we can simply require that M/r is atoroidal. 


Theorem 11.2 (Thurston) Let M admit a convex hyperbolic structure. Then 
M/r is hyperbolic iff it is atoroidal. 
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11.2 The skinning map 


Let M be an oriented compact 3-manifold with incompressible boundary, admit- 
ting a convex hyperbolic structure. Let r: M — M be an orientation-reversing 
fixed-point free involution. 

The skinning map 


o : Teich(OM) & GF(M) > Teich(OM) 


is defined as follows. Given a Riemann surface X € Teich(0M), construct the 
unique complete hyperbolic 3-manifold N € GF(M) with ON = X. Next, form 
the covering space Q — N corresponding to ON. Topologically we have: 


Q = (ON) xR. 
The manifold Q is convex cocompact, and naturally marked by 0M, so we have 
Q € GF(OM x [0,1]) S Teich(OM) x Teich(OM). 
The projection to the second factor above is the skinning map. That is, 
0Q = ƏN u o(ðN). 
Theorem 11.3 The manifold M/T is hyperbolic if 
Too: Teich(OM) — Teich(OM) 
has a fixed-point. 


Remark. This theorem is not quite iff. If M = S x [0,1], then ø is the reflection 
map, and M/r is hyperbolic iff r comes from a pseudo-Anosov automorphism 
of S. But in the pseudo-Anosov case, T o ø has no fixed-point in Teichmüller 
space. Indeed, 7 o ø has a fixed-point iff M/r is finitely covered by S x St — 
in which M admits an H? x R structure but no H? structure. 


we 


\sigma(X) 





Figure 27. The skinning map. 
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11.3 The Theta conjecture 


Theorem 11.4 Let X = A/T be a finite-area hyperbolic surface presented as 
the quotient of the unit disk by a Fuchsian group. Then the natural map 


0 : Teich(X) > Teich(A) 
is a contraction for the Teichmiiller metric. In fact 
||d6"|| = |8a/xl] < C(X) <1 
where C(X) depends only on the location of X in moduli space, and 
Oax : Q(A) > Q(X) 


is the Poincaré series operator given by 
@a/x(¢) =o 7*4. 
p 


Corollary 11.5 Let f : X >Y be a Teichmüller mapping between two points 
in Teich(S). Then the lift f : A > A to the universal covers is not extremal 
among all quasiconformal maps with the same boundary values, unless f is 
conformal. 


Example [Str1]. Let f : X — Y be an affine stretch from a square torus to 
a rectangular torus, respecting the origin. The punctured surfaces X* and Y* 
obtained by removing the origin are hyperbolic, and f restricts to a Teichmüller 
mapping between them. 

The universal cover of X* (Y*) can be thought of as a countable collection 
of squares (rectangles) with their vertices removed, and glued together along 
their edges in the pattern of a free group Z * Z to form a thickened tree. The 
lifted map f sends each square to the corresponding rectangle. 

To make f more nearly conformal, we want to make the target more nearly 
square. A single rectangle Ro can be made more square (its modulus can be 
moved towards 1) by bending its short edges in and its long edges out. Now 
one edge F; on each adjacent rectangle R; has been bent the wrong way. The 
remaining 3 edges, however, can be bent the right way, resulting in an overall 
improvement in shape (Figure 28). The next layer of 12 rectangles each have 
only one edge committed, and similarly for each following layer of 4-3” rectan- 
gles... so we can continue modifying f to reduce its dilatation on each square, 
in the end obtaining a map g with the same boundary values but K(g) < K(f). 
Corollary 11.6 If M is an acylindrical manifold, then the skinning map 


om : Teich(OM) > Teich(OM) 


satisfies 
|dom(X)|| < C(X) <1 


with C(-) as above. 
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Figure 28. Strebel’s idea of relaxation. 
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